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HQCD
LF |ψ >=M2|ψ >

Dirac’s Front Form: Fixed τ = t+ z/c

Bound States in Relativistic Quantum Field Theory: 
Light-Front Wavefunctions

xi =
k+
i

P+

0 < xi < 1

n�

i=1
xi = 1

Remarkable new insights from AdS/CFT,the duality 
between conformal field theory  and Anti-de Sitter Space 

Invariant under boosts.   Independent of Pμ

Direct connection to QCD Lagrangian

 (xi,
~

k?i,�i)



General remarks about orbital angular mo-
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Light-Front Wavefunctions:  rigorous representation of 
composite systems in quantum field theory

x =
k+

P+
=

k0 + k3

P 0 + P 3

Causal, Frame-independent.  Creation Operators on Simple Vacuum, "
Current Matrix Elements are Overlaps of LFWFS

|p, Jz >=
X

n=3

 n(xi,
~

k?i,�i)|n;xi,
~

k?i,�i >

Invariant under boosts!  Independent of Pμ 

Eigenstate of LF Hamiltonian 

 n(xi,
~

k?i ,�i)

P 3 > 0, P 3 < 0
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• Measurements are made at fixed τ 

• Causality is automatic 

• Structure Functions are squares of LFWFs 

• Form Factors are overlap of LFWFs 

• LFWFs are frame-independent -- no boosts! 

• No dependence on observer’s frame 

• LF Holography: Dual to AdS space 

• LF Vacuum trivial -- no condensates! 

• Profound implications for Cosmological 
Constant

Advantages of the Dirac’s Front Form for Hadron Physics



Wick Theorem
Feynman diagram =  

single  front-form time-ordered diagram! 

ae =
ge � 2

2
=

↵

2⇡
Also P !1 observer frame (Weinberg)

Choose q+
= 0
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Remarkable Advantages of the Front Form

• Light-Front Time-Ordered Perturbation Theory:  Elegant, 
Physical 

• Frame-Independent 

• Few LF Time-Ordered Diagrams (not n!) -- all k+ must be 
positive 

• Jz = Lz + Sz conserved at each vertex 

• Automatically normal-ordered; LF Vacuum trivial up to 
zero modes 

• Renormalization: Alternate Denominator Subtractions: 
Tested to three loops in QED 

• Reproduces Parke-Taylor Rules and Amplitudes  (Stasto) 

• Hadronization at the Amplitude Level with Confinement



|p,Sz>= ∑
n=3

ψn(xi, ~k?i,λi)|n;k?i,λi>|p,Sz>= ∑
n=3

Ψn(xi,~k?i,λi)|n;~k?i,λi>

|p,Sz>= ∑
n=3

Ψn(xi,~k?i,λi)|n;~k?i,λi>

The Light Front Fock State Wavefunctions

Ψn(xi,~k?i,λi)

are boost invariant; they are independent of the hadron’s energy
and momentum Pµ.
The light-cone momentum fraction

xi =
k+
i
p+ =

k0i + kzi
P0+Pz

are boost invariant.
n

∑
i
k+
i = P+,

n

∑
i
xi = 1,

n

∑
i

~k?i =~0?.

sum over states with n=3, 4, ...constituents

Fixed LF time
Intrinsic heavy quarks    s̄(x) ⇤= s(x)

⇥M(x, Q0) ⇥
�

x(1� x)

⇤M(x, k2
⌅)

µR

µR = Q

µF = µR

Q/2 < µR < 2Q

ep⇥ e�+n

P�/p ⇤ 30%

Violation of Gottfried sum rule

ū(x) ⌅= d̄(x)

Does not produce (C = �) J/⇥,�

Produces (C = �) J/⇥,�

Same IC mechanism explains A2/3

s(x), c(x), b(x) at high x !
Hidden ColorMueller:  gluon Fock states     BFKL Pomeron
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< p + q|j+(0)|p >= 2p+F (q2)

p + q

~q?q+ = 0

q2
? = Q2 = �q2

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0
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Form Factors are 
Overlaps of LFWFs

Interaction  
picture

Drell &Yan, West 
  Exact LF formula! 

Drell, sjb
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For leptons, such as the electron or neutrino, it is convenient to employ the electron
mass for M , so that the magnetic moment is given in Bohr magnetons.

Now we turn to the evaluation of the helicity-conserving and helicity-flip vector-
current matrix elements in the light-front formalism. In the interaction picture, the
current Jµ(0) is represented as a bilinear product of free fields, so that it has an
elementary coupling to the constituent fields [13, 14, 15]. The Dirac form factor can
then be calculated from the expression

F1(q
2) =

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej

�
⌅⇥�
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, (10)

whereas the Pauli and electric dipole form factors are given by
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.

The summations are over all contributing Fock states a and struck constituent charges
ej. Here, as earlier, we refrain from including the constituents’ color and flavor
dependence in the arguments of the light-front wave functions. The phase-space
integration is

⌥
[dx] [d2k⇧] ⇤

⇧

�i,ci,fi

⇤
n⌃

i=1

�⌥ ⌥ dxi d2k⇧i
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k⇧i

⇥

, (13)

where n denotes the number of constituents in Fock state a and we sum over the
possible {⇥i}, {ci}, and {fi} in state a. The arguments of the final-state, light-front
wave function di�erentiate between the struck and spectator constituents; namely, we
have [13, 15]

k⌅
⇧j = k⇧j + (1� xj)q⇧ (14)

for the struck constituent j and

k⌅
⇧i = k⇧i � xiq⇧ (15)

for each spectator i, where i ⌅= j. Note that because of the frame choice q+ = 0, only
diagonal (n⌅ = n) overlaps of the light-front Fock states appear [14].
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In the language of light-cone quantization, the electron anomalous magnetic moment ae =
α/2π is due to the one-fermion one-gauge boson Fock state component of the physical
electron. An explicit calculation of the anomalous moment in this framework using Eq. (7)
was give in Ref. [8]. We shall show here that the light-cone wavefunctions of the electron
provides an ideal system to check explicitly the intricacies of spin and orbital angular
momentum in quantum field theory. In particular, we shall evaluate the matrix elements of
the QED energy–momentum tensor and show how the “spin crisis” is resolved in QED for
an actual physical system. The analysis is exact in perturbation theory. The same method
can be applied to the moments of structure functions and the evaluation of other local
matrix elements. In fact, the QED analysis of this section is more general than perturbation
theory. We will also show how the perturbative light-cone wavefunctions of leptons and
photons provide a template for the wavefunctions of non-perturbative composite systems
resembling hadrons in QCD.
The light-cone Fock state wavefunctions of an electron can be systematically evaluated

in QED. The QED Lagrangian density is

L = i

2

[
!ψγ µ

(−→
∂ µ + ieAµ

)
ψ − !ψγ µ

(←−
∂ µ − ieAµ

)
ψ
]
−m!ψψ − 1

4
FµνFµν, (17)

and the corresponding energy–momentum tensor is

T µν = i

4

([!ψγ µ
(−→
∂ ν + ieAν

)
ψ − !ψγ µ

(←−
∂ ν − ieAν

)
ψ
]
+ [µ←→ ν]

)

+ FµρF ν
ρ + 1

4
gµνF ρλFρλ. (18)

Since T µν is the Noether current of the general coordinate transformation, it is conserved.
In later calculations we will identify the two terms in Eq. (18) as the fermion and boson
contributions T

µν
f and T

µν
b , respectively.

The physical electron is the eigenstate of the QED Hamiltonian. As discussed in the
introduction, the expansion of the QED eigenfunction on the complete set |n⟩ of H0
eigenstates produces the Fock state expansion. It is particularly advantageous to carry out
this procedure using light-cone quantization since the vacuum is trivial, the Fock state
representation is boost invariant, and the light-cone fractions xi = k+

i /P+ are positive:
0< xi ! 1,

∑
i xi = 1. We also employ light-cone gauge A+ = 0 so that the gauge boson

polarizations are physical. Thus each Fock-state wavefunction ⟨n|physical electron⟩ of
the physical electron with total spin projection J z = ± 1

2 is represented by the function
ψJ z

n (xi, k⃗⊥i ,λi ), where

ki =
(
k+
i , k−i , k⃗⊥i

)
=
(

xiP
+,

k⃗2⊥i + m2
i

xiP+ , k⃗⊥i

)
(19)

specifies the momentum of each constituent and λi specifies its light-cone helicity in the z

direction. We adopt a non-zero boson mass λ for the sake of generality.
The two-particle Fock state for an electron with J z = + 1

2 has four possible spin
combinations:

∣∣Ψ ↑two particle
(
P+, P⃗⊥ = 0⃗⊥

)〉
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=
∫

d2k⃗⊥ dx√
x(1− x)16π3

[
ψ
↑
+ 1
2 +1

(
x, k⃗⊥

)∣∣+ 1
2 + 1; xP+, k⃗⊥

〉

+ψ
↑
+ 1
2 −1

(
x, k⃗⊥

)∣∣+ 1
2 − 1; xP+, k⃗⊥

〉
+ψ

↑
− 12+1

(
x, k⃗⊥

)∣∣− 12 + 1; xP+, k⃗⊥
〉

+ψ
↑
− 12−1

(
x, k⃗⊥

)∣∣− 12 − 1; xP+, k⃗⊥
〉]

, (20)

where the two-particle states |sz
f s

z
b; xP+, k⃗⊥⟩ are normalized as in (2). Here sz

f and sz
b

denote the z-component of the spins of the constituent fermion and boson, respectively.
The wavefunctions can be evaluated explicitly in QED perturbation theory using the rules
given in Refs. [5,8]:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ
↑
+ 1
2+1

(
x, k⃗⊥

)
=−
√
2

(−k1 + ik2)
x(1− x)

ϕ,

ψ
↑
+ 1
2−1

(
x, k⃗⊥

)
=−
√
2

(+k1 + ik2)
1− x

ϕ,

ψ
↑
− 12+1

(
x, k⃗⊥

)=−
√
2
(

M − m

x

)
ϕ,

ψ
↑
− 12−1

(
x, k⃗⊥

)
= 0,

(21)

where

ϕ = ϕ
(
x, k⃗⊥

)
= e/

√
1− x

M2 − (k⃗2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)
. (22)

Similarly,
∣∣Ψ ↓two particle

(
P+, P⃗⊥ = 0⃗⊥

)〉

=
∫

d2k⃗⊥ dx√
x(1− x)16π3

[
ψ
↓
+ 1
2+1

(
x, k⃗⊥

)∣∣+ 1
2 + 1; xP+, k⃗⊥

〉

+ψ
↓
+ 1
2−1

(
x, k⃗⊥

)∣∣+ 1
2 − 1; xP+, k⃗⊥

〉
+ψ

↓
− 12+1

(
x, k⃗⊥

)∣∣− 12 + 1; xP+, k⃗⊥
〉

+ψ
↓
− 12−1

(
x, k⃗⊥

)∣∣− 12 − 1; xP+, k⃗⊥
〉]

, (23)

where
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ
↓
+ 1
2+1

(
x, k⃗⊥

)
= 0,

ψ
↓
+ 1
2−1

(
x, k⃗⊥

)
=−
√
2
(

M − m

x

)
ϕ,

ψ
↓
− 12+1

(
x, k⃗⊥

)
=−
√
2

(−k1 + ik2)
1− x

ϕ,

ψ
↓
− 12−1

(
x, k⃗⊥

)
=−
√
2

(+k1 + ik2)
x(1− x)

ϕ.

(24)

The coefficients of ϕ in Eqs. (21) and (24) are the matrix elements of

u(k+, k−, k⃗⊥)√
k+ γ · ϵ∗u(P+,P−, P⃗⊥)√

P+
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=
∫

d2k⃗⊥ dx√
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ψ
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where the two-particle states |sz
f s

z
b; xP+, k⃗⊥⟩ are normalized as in (2). Here sz

f and sz
b

denote the z-component of the spins of the constituent fermion and boson, respectively.
The wavefunctions can be evaluated explicitly in QED perturbation theory using the rules
given in Refs. [5,8]:
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ψ
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x(1− x)

ϕ,

ψ
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√
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ψ
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ϕ,

ψ
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(
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= 0,

(21)

where

ϕ = ϕ
(
x, k⃗⊥

)
= e/

√
1− x

M2 − (k⃗2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)
. (22)

Similarly,
∣∣Ψ ↓two particle

(
P+, P⃗⊥ = 0⃗⊥

)〉

=
∫

d2k⃗⊥ dx√
x(1− x)16π3

[
ψ
↓
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2+1

(
x, k⃗⊥
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2 + 1; xP+, k⃗⊥
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+ψ
↓
+ 1
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(
x, k⃗⊥

)∣∣+ 1
2 − 1; xP+, k⃗⊥

〉
+ψ
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− 12+1

(
x, k⃗⊥

)∣∣− 12 + 1; xP+, k⃗⊥
〉

+ψ
↓
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(
x, k⃗⊥

)∣∣− 12 − 1; xP+, k⃗⊥
〉]

, (23)

where
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ
↓
+ 1
2+1

(
x, k⃗⊥

)
= 0,

ψ
↓
+ 1
2−1

(
x, k⃗⊥

)
=−
√
2
(

M − m

x

)
ϕ,

ψ
↓
− 12+1

(
x, k⃗⊥

)
=−
√
2

(−k1 + ik2)
1− x

ϕ,

ψ
↓
− 12−1

(
x, k⃗⊥

)
=−
√
2

(+k1 + ik2)
x(1− x)

ϕ.

(24)

The coefficients of ϕ in Eqs. (21) and (24) are the matrix elements of

u(k+, k−, k⃗⊥)√
k+ γ · ϵ∗u(P+,P−, P⃗⊥)√

P+
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=
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〉
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〉

+ψ
↑
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(
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where the two-particle states |sz
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ψ
↑
+ 1
2+1

(
x, k⃗⊥

)
=−
√
2

(−k1 + ik2)
x(1− x)

ϕ,

ψ
↑
+ 1
2−1

(
x, k⃗⊥

)
=−
√
2

(+k1 + ik2)
1− x

ϕ,

ψ
↑
− 12+1

(
x, k⃗⊥

)=−
√
2
(

M − m

x

)
ϕ,

ψ
↑
− 12−1

(
x, k⃗⊥

)
= 0,

(21)

where

ϕ = ϕ
(
x, k⃗⊥

)
= e/

√
1− x

M2 − (k⃗2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)
. (22)

Similarly,
∣∣Ψ ↓two particle

(
P+, P⃗⊥ = 0⃗⊥

)〉

=
∫

d2k⃗⊥ dx√
x(1− x)16π3

[
ψ
↓
+ 1
2+1

(
x, k⃗⊥

)∣∣+ 1
2 + 1; xP+, k⃗⊥

〉

+ψ
↓
+ 1
2−1

(
x, k⃗⊥

)∣∣+ 1
2 − 1; xP+, k⃗⊥

〉
+ψ

↓
− 12+1

(
x, k⃗⊥

)∣∣− 12 + 1; xP+, k⃗⊥
〉

+ψ
↓
− 12−1

(
x, k⃗⊥

)∣∣− 12 − 1; xP+, k⃗⊥
〉]

, (23)

where
⎧
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⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ
↓
+ 1
2+1

(
x, k⃗⊥

)
= 0,

ψ
↓
+ 1
2−1

(
x, k⃗⊥

)
=−
√
2
(

M − m

x

)
ϕ,

ψ
↓
− 12+1

(
x, k⃗⊥

)
=−
√
2

(−k1 + ik2)
1− x

ϕ,

ψ
↓
− 12−1

(
x, k⃗⊥

)
=−
√
2

(+k1 + ik2)
x(1− x)

ϕ.

(24)

The coefficients of ϕ in Eqs. (21) and (24) are the matrix elements of
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The one-loop model can be further generalized by applying spectral Pauli–Villars
integration over the constituent masses. The resulting form of light-cone wavefunctions
provides a template for parameterizing the structure of relativistic composite systems and
their matrix elements in hadronic physics.
The Pauli form factor is obtained from the spin-flip matrix element of the J+ current.

From Eqs. (6), (20), and (23) we have

F2(q
2) = −2M

(q1 − iq2)
〈
Ψ ↑
(
P+, P⃗⊥ = q⃗⊥

)∣∣Ψ ↓
(
P+, P⃗⊥ = 0⃗⊥

)〉

= −2M
(q1 − iq2)

∫
d2k⃗⊥ dx
16π3

[
ψ
↑ ∗
+ 1
2−1

(
x, k⃗′⊥

)
ψ
↓
+ 1
2−1

(
x, k⃗⊥

)

+ψ
↑ ∗
− 12+1

(
x, k⃗′⊥

)
ψ
↓
− 12+1

(
x, k⃗⊥

)]

= 4M
∫
d2k⃗⊥ dx
16π3

(m−Mx)

x
ϕ
(
x, k⃗′⊥

)∗ϕ
(
x, k⃗⊥

)

= 4Me2
∫
d2k⃗⊥ dx
16π3

(m− xM)

x(1− x)

× 1
M2 − ((k⃗⊥ + (1− x)q⃗⊥)2 + m2)/x − ((k⃗⊥ + (1− x)q⃗⊥)2 + λ2)/(1− x)

× 1
M2 − (k⃗2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)

. (30)

Using the Feynman parameterization, we can also express Eq. (30) in a form in which the
q2 =−q⃗ 2⊥ dependence is more explicit as

F2(q
2) = Me2

4π2

1∫

0

dα
1∫

0

dx
m− xM

α(1− α) 1−x
x q⃗ 2⊥ −M2 + m2

x + λ2
1−x

. (31)

The anomalous moment is obtained in the limit of zero momentum transfer:

F2(0) = 4Me2
∫
d2k⃗⊥ dx
16π3

(m− xM)

x(1− x)

1
[M2 − (k⃗ 2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)]2

= Me2

4π2

1∫

0

dx
m− xM

−M2 + m2
x + λ2

1−x

, (32)

which is the result of Ref. [8]. For zero photon mass andM = m, it gives the correct order
α Schwinger value ae = F2(0) = α/2π for the electron anomalous magnetic moment for
QED.
As seen from Eqs. (13) and (14), the matrix elements of the double plus components of

the energy–momentum tensor are sufficient to derive the fermion and boson constituents’
form factors Af,g(q

2) and Bf,g(q
2) of graviton coupling to matter. In particular, we shall

verify A(0) = Af(0) + Ab(0) = 1 and B(0) = 0.
The individual contributions of the fermion and boson fields to the energy–momentum

form factors in QED are given by
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The one-loop model can be further generalized by applying spectral Pauli–Villars
integration over the constituent masses. The resulting form of light-cone wavefunctions
provides a template for parameterizing the structure of relativistic composite systems and
their matrix elements in hadronic physics.
The Pauli form factor is obtained from the spin-flip matrix element of the J+ current.

From Eqs. (6), (20), and (23) we have

F2(q
2) = −2M

(q1 − iq2)
〈
Ψ ↑
(
P+, P⃗⊥ = q⃗⊥

)∣∣Ψ ↓
(
P+, P⃗⊥ = 0⃗⊥

)〉

= −2M
(q1 − iq2)

∫
d2k⃗⊥ dx
16π3

[
ψ
↑ ∗
+ 1
2−1

(
x, k⃗′⊥

)
ψ
↓
+ 1
2−1

(
x, k⃗⊥

)

+ψ
↑ ∗
− 12+1

(
x, k⃗′⊥

)
ψ
↓
− 12+1

(
x, k⃗⊥

)]

= 4M
∫
d2k⃗⊥ dx
16π3

(m−Mx)

x
ϕ
(
x, k⃗′⊥

)∗ϕ
(
x, k⃗⊥

)

= 4Me2
∫
d2k⃗⊥ dx
16π3

(m− xM)

x(1− x)

× 1
M2 − ((k⃗⊥ + (1− x)q⃗⊥)2 + m2)/x − ((k⃗⊥ + (1− x)q⃗⊥)2 + λ2)/(1− x)

× 1
M2 − (k⃗2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)

. (30)

Using the Feynman parameterization, we can also express Eq. (30) in a form in which the
q2 =−q⃗ 2⊥ dependence is more explicit as

F2(q
2) = Me2

4π2

1∫

0

dα
1∫

0

dx
m− xM

α(1− α) 1−x
x q⃗ 2⊥ −M2 + m2

x + λ2
1−x

. (31)

The anomalous moment is obtained in the limit of zero momentum transfer:

F2(0) = 4Me2
∫
d2k⃗⊥ dx
16π3

(m− xM)

x(1− x)

1
[M2 − (k⃗ 2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)]2

= Me2

4π2

1∫

0

dx
m− xM

−M2 + m2
x + λ2

1−x

, (32)

which is the result of Ref. [8]. For zero photon mass andM = m, it gives the correct order
α Schwinger value ae = F2(0) = α/2π for the electron anomalous magnetic moment for
QED.
As seen from Eqs. (13) and (14), the matrix elements of the double plus components of

the energy–momentum tensor are sufficient to derive the fermion and boson constituents’
form factors Af,g(q

2) and Bf,g(q
2) of graviton coupling to matter. In particular, we shall

verify A(0) = Af(0) + Ab(0) = 1 and B(0) = 0.
The individual contributions of the fermion and boson fields to the energy–momentum

form factors in QED are given by
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Fig. 1. Helicity-flip electromagnetic and gravitational form factors for spacelike q2 =−Q2 < 0 from
the quantum fluctuations of a fermion at one-loop order in units of α/π for QED and g2/4π2 for
the Yukawa theory. The fermion constituent mass is taken as mf = M . The boson constituent is
massless.

The helicity-flip electromagnetic and gravitational form factors for the fluctuations of
the electron at one-loop are illustrated in Fig. 1. The cancellation of the sum of graviton
couplings B(q2) to the constituents at q2 = 0 is evident.
(a) Helicity-flip Pauli form factor F2(q2) in QED. Notice that F2(0) = 1/2.
(b) Helicity-flip form factor Bb(q

2) of the graviton coupling to the boson (photon)
constituent of the electron at one-loop order in QED. Notice that Bb(0) =−1/3.
(c) Helicity-flip fermion form factor Bf(q

2) of the graviton coupling to the fermion
constituent at one-loop order in QED. Notice that Bf(0) = 1/3, and thus Bf(0) + Bb(0) =
0.
(d) Helicity-flip Pauli form factor F2(q2) in the Yukawa theory. Notice that in this case

F2(0) = 3/4.
(e) Helicity-flip form factor Bb(q

2) of the graviton coupling to the boson at one-loop
order in the Yukawa theory. Notice that Bb(0) =−5/12.
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The one-loop model can be further generalized by applying spectral Pauli–Villars
integration over the constituent masses. The resulting form of light-cone wavefunctions
provides a template for parameterizing the structure of relativistic composite systems and
their matrix elements in hadronic physics.
The Pauli form factor is obtained from the spin-flip matrix element of the J+ current.

From Eqs. (6), (20), and (23) we have

F2(q
2) = −2M

(q1 − iq2)
〈
Ψ ↑
(
P+, P⃗⊥ = q⃗⊥

)∣∣Ψ ↓
(
P+, P⃗⊥ = 0⃗⊥

)〉

= −2M
(q1 − iq2)

∫
d2k⃗⊥ dx
16π3

[
ψ
↑ ∗
+ 1
2−1

(
x, k⃗′⊥

)
ψ
↓
+ 1
2−1

(
x, k⃗⊥

)

+ψ
↑ ∗
− 12+1

(
x, k⃗′⊥

)
ψ
↓
− 12+1

(
x, k⃗⊥

)]

= 4M
∫
d2k⃗⊥ dx
16π3

(m−Mx)

x
ϕ
(
x, k⃗′⊥

)∗ϕ
(
x, k⃗⊥

)

= 4Me2
∫
d2k⃗⊥ dx
16π3

(m− xM)

x(1− x)

× 1
M2 − ((k⃗⊥ + (1− x)q⃗⊥)2 + m2)/x − ((k⃗⊥ + (1− x)q⃗⊥)2 + λ2)/(1− x)

× 1
M2 − (k⃗2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)

. (30)

Using the Feynman parameterization, we can also express Eq. (30) in a form in which the
q2 =−q⃗ 2⊥ dependence is more explicit as

F2(q
2) = Me2

4π2

1∫

0

dα
1∫

0

dx
m− xM

α(1− α) 1−x
x q⃗ 2⊥ −M2 + m2

x + λ2
1−x

. (31)

The anomalous moment is obtained in the limit of zero momentum transfer:

F2(0) = 4Me2
∫
d2k⃗⊥ dx
16π3

(m− xM)

x(1− x)

1
[M2 − (k⃗ 2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)]2

= Me2

4π2

1∫

0

dx
m− xM

−M2 + m2
x + λ2

1−x

, (32)

which is the result of Ref. [8]. For zero photon mass andM = m, it gives the correct order
α Schwinger value ae = F2(0) = α/2π for the electron anomalous magnetic moment for
QED.
As seen from Eqs. (13) and (14), the matrix elements of the double plus components of

the energy–momentum tensor are sufficient to derive the fermion and boson constituents’
form factors Af,g(q

2) and Bf,g(q
2) of graviton coupling to matter. In particular, we shall

verify A(0) = Af(0) + Ab(0) = 1 and B(0) = 0.
The individual contributions of the fermion and boson fields to the energy–momentum

form factors in QED are given by
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•LF wavefunctions play the role of Schrödinger wavefunctions 
in Atomic Physics 

•LFWFs=Hadron Eigensolutions: Direct Connection to QCD 
Lagrangian 

•Relativistic, frame-independent: no boosts, no disc 
contraction, Melosh built into LF spinors  

•Hadronic observables computed from LFWFs: Form factors, 
Structure Functions, Distribution  Amplitudes, GPDs, TMDs, 
Weak Decays, .... modulo `lensing’ from ISIs, FSIs 

•Cannot compute current matrix elements using instant form 
from eigensolutions alone -- need to include vacuum currents! 

•Hadron Physics without LFWFs is like Biology without DNA!

General remarks about orbital angular mo-
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 DY               correlation at leading twist from double ISI

the differential cross section is written as

1

!

d!

d"
!
3

4#

1

$"3

#! 1"$ cos2%"& sin2% cos'"
(

2
sin2% cos 2' " .

)1*

These angular dependencies1 can all be generated by pertur-

bative QCD corrections where, for instance, initial quarks

radiate off high energy gluons into the final state. Such a

perturbative QCD calculation at next-to-leading order leads

to $+1,&+0,(+0 at a very small transverse momentum of

the lepton pair. More generally, the Lam-Tung relation 1

$$$2(!0 ,17- is expected to hold at order .s and the

relation is hardly modified by next-to-leading order (.s
2) per-

turbative QCD corrections ,18-. However, this relation is not
satisfied by the experimental data ,13,14-. The Drell-Yan
data show remarkably large values of ( , reaching values of
about 30% at transverse momenta of the lepton pair between

2 and 3 GeV )for Q2!m/*
2 !(4$12 GeV)2 and extracted in

the Collins-Soper frame ,19- to be discussed below*. These
large values of ( are not compatible with $+1 as also seen
in the data.

A number of explanations have been put forward, such as

a higher twist effect ,20,21-, following the ideas of Berger
and Brodsky ,22-. In Ref. ,20- the higher twist effect is mod-
eled using an asymptotic pion distribution amplitude, and it

appears to fall short in explaining the large values of ( .
In Ref. ,18- factorization-breaking correlations between

the incoming quarks are assumed and modeled in order to

account for the large cos 2' dependence. Here the correla-

tions are both in the transverse momentum and the spin of

the quarks. In Ref. ,6- this idea was applied in a factorized
approach ,23- involving the chiral-odd partner of the Sivers
effect, which is the transverse momentum dependent distri-

bution function called h1
! . From this point of view, the large

cos 2' azimuthal dependence can arise at leading order, i.e.

it is unsuppressed, from a product of two such distribution

functions. It offers a natural explanation for the large cos 2'
azimuthal dependence, but at the same time also for the

small cos' dependence, since chiral-odd functions can only

occur in pairs. The function h1
! is a quark helicity-flip matrix

element and must therefore occur accompanied by another

helicity flip. In the unpolarized Drell-Yan process this can

only be a product of two h1
! functions. Since this implies a

change by two units of angular momentum, it does not con-

tribute to a cos' asymmetry. In the present paper we will

discuss this scenario in terms of initial-state interactions,

which can generate a nonzero function h1
! .

We would also like to point out the experimental obser-

vation that the cos 2' dependence as observed by the NA10

Collaboration does not seem to show a strong dependence on

A, i.e. there was no significant difference between the deute-

rium and tungsten targets. Hence, it is unlikely that the asym-

metry originates from nuclear effects, and we shall assume it

to be associated purely with hadronic effects. We refer to

Ref. ,24- for investigations of nuclear enhancements.
We compute the function h1

!(x ,p!
2 ) and the resulting

cos 2' asymmetry explicitly in a quark-scalar diquark model
for the proton with an initial-state gluon interaction. In this

model h1
!(x ,p!

2 ) equals the T-odd )chiral-even* Sivers effect
function f 1T

! (x ,p!
2 ). Hence, assuming the cos 2' asymmetry

of the unpolarized Drell-Yan process does arise from non-

zero, large h1
! , this asymmetry is expected to be closely

related to the single-spin asymmetries in the SIDIS and the

Drell-Yan process, since each of these effects can arise from

the same underlying mechanism.

The Fermilab Tevatron and BNL Relativistic Heavy Ion

Collider )RHIC* should both be able to investigate azimuthal
asymmetries such as the cos 2' dependence. Since polarized
proton beams are available, RHIC will be able to measure

single-spin asymmetries as well. Unfortunately, one might

expect that the cos 2' dependence in pp→!!̄X )measurable
at RHIC* is smaller than for the process #$N→&"&$X ,

since in the former process there are no valence antiquarks

present. In this sense, the cleanest extraction of h1
! would be

from pp̄→!!̄X .

III. CROSS SECTION CALCULATION

In this section we will assume nonzero h1
! and discuss the

calculation of the leading order unpolarized Drell-Yan cross

section )given in Ref. ,6- with slightly different notation*

d!)h1h2→!!̄X *

d"dx1dx2d
2q!

!
.2

3Q2 0
a , ā

ea
2# A)y *F , f 1 f̄ 1-

"B)y *cos)2'*F $ )2ĥ•p!ĥ•k!

$p!•k!*
h1

!h̄1
!

M 1M 2
% & . )2*

This is expressed in the so-called Collins-Soper frame ,19-,
for which one chooses the following set of normalized vec-

tors )for details see, e.g. ,25-*:

t̂1q/Q , )3*

ẑ1
x1

Q
P̃1$

x2

Q
P̃2, )4*

ĥ1q! /Q!!)q$x1P1$x2P2*/Q! , )5*

where P̃ i1Pi$q/(2xi), Pi are the momenta of the two in-

coming hadrons and q is the four momentum of the virtual

photon or, equivalently, of the lepton pair. This can be related

to standard Sudakov decompositions of these momenta

1We neglect sin' and sin 2' dependencies, since these are of

higher order in .s ,15,16- and are expected to be small.
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We show that initial-state interactions contribute to the cos 2# distribution in unpolarized Drell-Yan lepton

pair production pp and pp̄→!!!"X , without suppression. The asymmetry is expressed as a product of

chiral-odd distributions h1
!(x1 ,p!

2 )# h̄1
!(x2 ,k!

2 ), where the quark-transversity function h1
!(x ,p!

2 ) is the trans-

verse momentum dependent, light-cone momentum distribution of transversely polarized quarks in an unpo-

larized proton. We compute this !naive" T-odd and chiral-odd distribution function and the resulting cos 2#
asymmetry explicitly in a quark-scalar diquark model for the proton with initial-state gluon interaction. In this

model the function h1
!(x ,p!

2 ) equals the T-odd !chiral-even" Sivers effect function f 1T
! (x ,p!

2 ). This suggests

that the single-spin asymmetries in the semi-inclusive deep inelastic scattering and the Drell-Yan process are

closely related to the cos 2# asymmetry of the unpolarized Drell-Yan process, since all can arise from the same
underlying mechanism. This provides new insight regarding the role of the quark and gluon orbital angular

momentum as well as that of initial- and final-state gluon exchange interactions in hard QCD processes.
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I. INTRODUCTION

Single-spin asymmetries in hadronic reactions have been

among the most challenging phenomena to understand from

basic principles in QCD. Several such asymmetries have

been observed experimentally, and a number of theoretical

mechanisms have been suggested $1–6%. Recently, a new
way of producing single-spin asymmetries in semi-inclusive

deep inelastic scattering !SIDIS" and the Drell-Yan process
has been put forward $7,8%. It was shown that the exchange
of a gluon, viewed as initial- or final-state interactions, could

produce the necessary phase leading to a single transverse

spin asymmetry. The main new feature is that, despite the

presence of an additional gluon, this asymmetry occurs with-

out suppression by a large energy scale appearing in the pro-

cess under consideration. It has been recognized since then

$9% that this mechanism can be viewed as the so-called Sivers
effect $1,10%, which was thought to be forbidden by time-
reversal invariance $4%. Apart from generating Sivers effect

asymmetries, the mechanism offers new insight regarding the
role of orbital angular momentum of quarks in a hadron and

their spin-orbit couplings; in fact, the same S•! L! matrix ele-
ments enter the anomalous magnetic moment of the proton
$7%. The new mechanism for single target-spin asymmetries
in SIDIS necessarily requires noncollinear quarks and glu-
ons, and in the Sivers asymmetry the quarks carry no polar-
ization on average. As such it is very different from mecha-

nisms involving transversity !often denoted by h1 or &q),
which correlates the spin of the transversely polarized hadron
with the transverse polarization of its quarks.
In further contrast, the exchange of a gluon can also lead

to transversity of quarks inside an unpolarized hadron. This
chiral-odd partner of the Sivers effect has been discussed in
Refs. $6,11%, and in this paper we will show explicitly how
initial-state interactions generate this effect. Goldstein and

Gamberg reported recently that h1
!(x ,p!

2 ) is proportional to

f 1T
! (x ,p!

2 ) in the quark-scalar diquark model $12%. We con-
firm this and find that these two distribution functions are in
fact equal in this model. Although this property is not ex-
pected to be satisfied in general, nevertheless, one may ex-
pect these functions to be comparable in magnitude, since
both functions can be generated by the same mechanism. We
investigate the consequences of the present model result for
the unpolarized Drell-Yan process. We obtain an expression
for the cos 2# asymmetry in the lepton pair angular distribu-
tion. Here # is the angle between the lepton plane and the
plane of the incident hadrons in the lepton pair center of
mass. This asymmetry was measured a long time ago $13,14%
and was found to be large. Several theoretical explanations
!some of which will be briefly discussed below" have been
put forward, but we will show that a natural explanation can
come from initial-state interactions which are unsuppressed
by the invariant mass of the lepton pair.

II. THE UNPOLARIZED DRELL-YAN PROCESS

The unpolarized Drell-Yan process cross section has been
measured in pion-nucleon scattering: '"N→(!("X , with
N deuterium or tungsten and a '" beam with energy of 140,
194, 286 GeV $13% and 252 GeV $14%. Conventionally
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PHYSICAL REVIEW D 67, 054003 !2003"

0556-2821/2003/67!5"/054003!12"/$20.00 ©2003 The American Physical Society67 054003-1

Product of Boer - 
Mulders Functions



!
Light-Front QCD II  Stan Brodsky

M a y  2 6 - 3 0 ,  2 0 1 4

Home International Light Cone Advisory Committee NC State Physics Jefferson Lab NC State College of Sciences

N a v i g a t i o n

Final Circular
Program
Registration
Accommodations
Travel
Poster
Participants
Scientific Advisory
Comm

Meeting Email: 
LightCone2014 'at' ncsu.edu
For questions and further
information about the
meeting.

N e w s  &  U p d a t e s

R a l e i g h ,  N C

Things to do in Raleigh
Visit Raleigh
Downtown Raleigh
Visit the NC Triangle

R a l e i g h ,  N C ,  U S A

W e l c o m e  t o  L i g h t  C o n e  2 0 1 4

We invite you to participate in the

forthcoming Light Cone 2014 (LC2014)

meeting, to be held in Raleigh, North Carolina,

during May 26-30, 2014.

In anticipation of opportunities afforded by new facilities such
as the 12 GeV upgrade of Jefferson Lab, the FAIR facility at GSI,
J-PARC, and other facilities around the globe, we plan to
organize a timely scientific program to make a representative
impact on the forefront research development of nuclear,
hadron and particle physics. A main focus of the meeting will be
the interface between theory and experiment in hadron physics.
We encourage many young physicists to join and actively discuss
with the world experts participating in this meeting.

L o c a l  O r g a n i z i n g  C o m m i t t e e

Chueng Ji - NCSU Workshop Chair

Wally Melnitchouk - JLab
Haiyan Gao - Duke University
Dean Lee - NCSU
Thomas Schäfer - NCSU
Mithat Ünsal - NCSU
John Blondin - NCSU
Leslie Cochran and Rhonda Bennett - Administrative Support

M e e t i n g  S p o n s o r s

NC State Department of Physics
NC State College of Sciences
Jefferson Lab

contact | Department of Physics | College of Sciences | North Carolina State University

September 21 2013

LC2014 Registration
opens October 1, 2013.

May 21 2013

LC2014-Raleigh was
formally approved at the
ILCAC Meeting in

!
Crete June 10 2014

ar
X

iv
:h

ep
-e

x
/0

6
0

9
0

0
5

 v
1

  
 6

 S
ep

 2
0

0
6

Measurement of Angular Distributions of Drell-Yan Dimuons in p + d Interaction at
800 GeV/c
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We report a measurement of the angular distributions of Drell-Yan dimuons produced using an
800 GeV/c proton beam on a deuterium target. The muon angular distributions in polar angle
θ and azimuthal angle φ have been measured over the kinematic range 4.5 < mµµ < 15 GeV/c2,
0 < pT < 4 GeV/c, and 0 < xF < 0.8. No significant cos2φ dependence is found in these proton-
induced Drell-Yan data, in contrast to the situation for pion-induced Drell-Yan. The data are
compared with expectations from models which attribute the cos2φ distribution to a QCD vacuum
effect or to the presence of the transverse-momentum-dependent Boer-Mulders structure function
h⊥

1 . Constraints on the magnitude of the sea-quark h⊥
1 structure functions are obtained.

PACS numbers: 13.85.Qk, 14.20.Dh, 24.85.+p, 13.88.+e

The Drell-Yan process [1], in which a charged lepton
pair is produced in a high-energy hadron-hadron interac-
tion via the qq̄ → l+l− process, has been a testing ground
for perturbative QCD and a unique tool for probing par-
ton distributions of hadrons. The Drell-Yan production
cross sections can be well described by next-to-leading
order QCD calculations [2]. This provides a firm theo-
retical framework for using the Drell-Yan process to de-
termine the antiquark content of nucleons and nuclei [3],
as well as the quark distributions of pions, kaons, and
antiprotons [4].

Despite the success of perturbative QCD in describing
the Drell-Yan cross sections, it remains a challenge to un-
derstand the angular distributions of the Drell-Yan pro-
cess. Assuming dominance of the single-photon process,
a general expression for the Drell-Yan angular distribu-
tion is [5]

dσ

dΩ
∝ 1 + λ cos2 θ + µ sin 2θ cosφ +

ν

2
sin2 θ cos 2φ, (1)

where θ and φ denote the polar and azimuthal angle,
respectively, of the l+ in the dilepton rest frame. In
the “naive” Drell-Yan model, where the transverse mo-

mentum of the quark is ignored and no gluon emission
is considered, λ = 1 and µ = ν = 0 are obtained.
QCD effects [6] and non-zero intrinsic transverse mo-
mentum of the quarks [7] can both lead to λ ̸= 1 and
µ, ν ̸= 0. However, λ and ν should still satisfy the rela-
tion 1 − λ = 2ν [5]. This so-called Lam-Tung relation,
obtained as a consequence of the spin-1/2 nature of the
quarks, is analogous to the Callan-Gross relation [8] in
Deep-Inelastic Scattering. While QCD effects can signif-
icantly modify the Callan-Gross relation, the Lam-Tung
relation is predicted to be largely unaffected by QCD
corrections [9].

The first measurement of the Drell-Yan angular dis-
tribution was performed by the NA10 Collaboration for
π− + W at 140, 194, and 286 GeV/c, with the highest
statistics at 194 GeV/c [10]. The cos 2φ angular depen-
dences showed a sizable ν, increasing with dimuon trans-
verse momentum (pT ) and reaching a value of ≈ 0.3 at
pT = 2.5 GeV/c (see Fig. 1). The observed behavior of ν
could not be described by perturbative QCD calculations
which predict much smaller values of ν [6]. The Fermilab
E615 Collaboration subsequently performed a measure-
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We report a measurement of the angular distributions of Drell-Yan dimuons produced using an
800 GeV/c proton beam on a deuterium target. The muon angular distributions in polar angle
θ and azimuthal angle φ have been measured over the kinematic range 4.5 < mµµ < 15 GeV/c2,
0 < pT < 4 GeV/c, and 0 < xF < 0.8. No significant cos2φ dependence is found in these proton-
induced Drell-Yan data, in contrast to the situation for pion-induced Drell-Yan. The data are
compared with expectations from models which attribute the cos2φ distribution to a QCD vacuum
effect or to the presence of the transverse-momentum-dependent Boer-Mulders structure function
h⊥

1 . Constraints on the magnitude of the sea-quark h⊥
1 structure functions are obtained.
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The Drell-Yan process [1], in which a charged lepton
pair is produced in a high-energy hadron-hadron interac-
tion via the qq̄ → l+l− process, has been a testing ground
for perturbative QCD and a unique tool for probing par-
ton distributions of hadrons. The Drell-Yan production
cross sections can be well described by next-to-leading
order QCD calculations [2]. This provides a firm theo-
retical framework for using the Drell-Yan process to de-
termine the antiquark content of nucleons and nuclei [3],
as well as the quark distributions of pions, kaons, and
antiprotons [4].

Despite the success of perturbative QCD in describing
the Drell-Yan cross sections, it remains a challenge to un-
derstand the angular distributions of the Drell-Yan pro-
cess. Assuming dominance of the single-photon process,
a general expression for the Drell-Yan angular distribu-
tion is [5]

dσ

dΩ
∝ 1 + λ cos2 θ + µ sin 2θ cosφ +

ν

2
sin2 θ cos 2φ, (1)

where θ and φ denote the polar and azimuthal angle,
respectively, of the l+ in the dilepton rest frame. In
the “naive” Drell-Yan model, where the transverse mo-

mentum of the quark is ignored and no gluon emission
is considered, λ = 1 and µ = ν = 0 are obtained.
QCD effects [6] and non-zero intrinsic transverse mo-
mentum of the quarks [7] can both lead to λ ̸= 1 and
µ, ν ̸= 0. However, λ and ν should still satisfy the rela-
tion 1 − λ = 2ν [5]. This so-called Lam-Tung relation,
obtained as a consequence of the spin-1/2 nature of the
quarks, is analogous to the Callan-Gross relation [8] in
Deep-Inelastic Scattering. While QCD effects can signif-
icantly modify the Callan-Gross relation, the Lam-Tung
relation is predicted to be largely unaffected by QCD
corrections [9].

The first measurement of the Drell-Yan angular dis-
tribution was performed by the NA10 Collaboration for
π− + W at 140, 194, and 286 GeV/c, with the highest
statistics at 194 GeV/c [10]. The cos 2φ angular depen-
dences showed a sizable ν, increasing with dimuon trans-
verse momentum (pT ) and reaching a value of ≈ 0.3 at
pT = 2.5 GeV/c (see Fig. 1). The observed behavior of ν
could not be described by perturbative QCD calculations
which predict much smaller values of ν [6]. The Fermilab
E615 Collaboration subsequently performed a measure-

3

TABLE I: Mean values of the λ, µ, ν parameters and the quan-
tity 2ν − (1 − λ) for three Drell-Yan measurements. The pT

dependence of these quantities is shown in Fig. 1.

p + d π− + W π− + W

800 GeV/c 194 GeV/c 252 GeV/c

(E866) (NA10) (E615)

⟨λ⟩ 1.07 ± 0.07 0.83 ± 0.04 1.17 ± 0.06

⟨µ⟩ 0.003 ± 0.013 0.008 ± 0.010 0.09 ± 0.02

⟨ν⟩ 0.027 ± 0.010 0.091 ± 0.009 0.169 ± 0.019

⟨2ν − (1 − λ)⟩ 0.12 ± 0.07 0.01 ± 0.04 0.51 ± 0.07

Several settings of the currents in the three dipole mag-
nets (SM0, SM12, SM3) were used in order to optimize
acceptance for different dimuon mass regions. Data col-
lected with the “low mass” and “high mass” settings [26]
on liquid deuterium and empty targets were used in this
analysis. The detector system consisted of four track-
ing stations and a momentum analyzing magnet (SM3).
Tracks reconstructed by the drift chambers were extrapo-
lated to the target using the momentum determined from
the bend angle in SM3. The target position was used to
refine the parameters of each muon track.

From the momenta of the µ+ and µ−, kinematic vari-
ables of the dimuons (xF , mµµ, pT ) were readily recon-
structed. The muon angles θ and φ in the Collins-Soper
frame [27] were also calculated. To remove the quarko-
nium background, only events with 4.5 < mµµ < 9
GeV/c2 or mµµ > 10.7 GeV/c2 were analyzed. A total
of 118,000 p + d Drell-Yan events covering the decay an-
gular range −0.5 < cos θ < 0.5 and −π < φ < π remain.
Detailed Monte-Carlo simulations for the experiment us-
ing the MRST98 parton distribution functions [28] for
NLO Drell-Yan cross sections have shown good agree-
ments with the data for a variety of measured quantities.

Figure 1 shows the angular distribution parameters
λ, µ, and ν vs. pT . To extract these parameters, the
Drell-Yan data were grouped into 5 bins in cos θ and 8
bins in φ for each pT bin. A least-squares fit to the data
using Eq. 1 to describe the angular distribution was per-
formed. Only statistical errors are shown in Fig. 1. The
primary contributions to the systematic errors are the
uncertainties of the incident beam angles on target. The
analysis has been performed allowing the beam angles to
vary within their ranges of uncertainty. From this study,
we found that the systematic errors are comparable to the
statistical errors for each individual pT bin. However, the
pT averaged values ⟨λ⟩, ⟨µ⟩, and ⟨ν⟩, are dominatd by the
statistical errors.

For comparison with the p + d Drell-Yan data, the
NA10 π− +W data at 194 GeV/c and the E615 π− +W
data at 252 GeV/c are also shown in Fig. 1. To test the
validity of the Lam-Tung relation, also shown in Fig. 1
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FIG. 2: Parameter ν vs. pT in the Collins-Soper frame for
three Drell-Yan measurements. Fits to the data using Eq. 3
and MC = 2.4 GeV/c2 are also shown.

is the quantity, 2ν − (1 − λ), for all three experiments.
For p + d at 800 GeV/c, Fig. 1 shows that λ is consis-
tent with 1, in agreement with previous studies [3, 25],
while µ and ν deviate only slightly from zero. This is in
contrast to the pion-induced Drell-Yan results, in which
much larger values of ν are found. Table I lists the mean
values of λ, µ, ν and 2ν − (1 − λ) for these three experi-
ments. Again, the qualitatively different behavior of the
azimuthal angular distributions for p + d versus π− + W
is evident. It is also interesting to note that while E615
clearly establishes the violation of the Lam-Tung rela-
tion, the NA10 and the p + d data are largely consistent
with the Lam-Tung relation.

In an attempt to extract information on the magnitude
of the h⊥

1 function from the NA10 data, Boer [17] as-
sumed that h⊥

1 is proportional to the spin-averaged par-
ton distribution function f1:

h⊥

1 (x, k2
T ) = CH

αT

π

MCMH

k2
T + M2

C

e−αT k2

T f1(x), (2)

where kT is the quark transverse momentum, MH is the
mass of the hadron H (pion or nucleon), and MC and
CH are constant fitting parameters. A Gaussian trans-
verse momentum dependence of e−αT k2

T with αT = 1
(GeV/c)−2 was assumed. The cos 2φ dependence then
results from the convolution of the pion h⊥

1 /f1 term with
the nucleon h⊥

1 /f1 term, and the parameter ν is given as

ν = 16κ1

p2
T M2

C

(p2
T + 4M2

C)2
, (3)

where κ1 = CH1
CH2

/2, and H1, H2 denote the two inter-
acting hadrons. As shown in Fig. 2, a good description
of the NA10 data is obtained with κ1 = 0.47 ± 0.14 and
MC = 2.4 ± 0.5 GeV/c2. A fit to the E615 ν data at
252 GeV/c using MC = 2.4 GeV/c2, also shown in Fig.
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TABLE I: Mean values of the λ, µ, ν parameters and the quan-
tity 2ν − (1 − λ) for three Drell-Yan measurements. The pT

dependence of these quantities is shown in Fig. 1.
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Several settings of the currents in the three dipole mag-
nets (SM0, SM12, SM3) were used in order to optimize
acceptance for different dimuon mass regions. Data col-
lected with the “low mass” and “high mass” settings [26]
on liquid deuterium and empty targets were used in this
analysis. The detector system consisted of four track-
ing stations and a momentum analyzing magnet (SM3).
Tracks reconstructed by the drift chambers were extrapo-
lated to the target using the momentum determined from
the bend angle in SM3. The target position was used to
refine the parameters of each muon track.

From the momenta of the µ+ and µ−, kinematic vari-
ables of the dimuons (xF , mµµ, pT ) were readily recon-
structed. The muon angles θ and φ in the Collins-Soper
frame [27] were also calculated. To remove the quarko-
nium background, only events with 4.5 < mµµ < 9
GeV/c2 or mµµ > 10.7 GeV/c2 were analyzed. A total
of 118,000 p + d Drell-Yan events covering the decay an-
gular range −0.5 < cos θ < 0.5 and −π < φ < π remain.
Detailed Monte-Carlo simulations for the experiment us-
ing the MRST98 parton distribution functions [28] for
NLO Drell-Yan cross sections have shown good agree-
ments with the data for a variety of measured quantities.

Figure 1 shows the angular distribution parameters
λ, µ, and ν vs. pT . To extract these parameters, the
Drell-Yan data were grouped into 5 bins in cos θ and 8
bins in φ for each pT bin. A least-squares fit to the data
using Eq. 1 to describe the angular distribution was per-
formed. Only statistical errors are shown in Fig. 1. The
primary contributions to the systematic errors are the
uncertainties of the incident beam angles on target. The
analysis has been performed allowing the beam angles to
vary within their ranges of uncertainty. From this study,
we found that the systematic errors are comparable to the
statistical errors for each individual pT bin. However, the
pT averaged values ⟨λ⟩, ⟨µ⟩, and ⟨ν⟩, are dominatd by the
statistical errors.

For comparison with the p + d Drell-Yan data, the
NA10 π− +W data at 194 GeV/c and the E615 π− +W
data at 252 GeV/c are also shown in Fig. 1. To test the
validity of the Lam-Tung relation, also shown in Fig. 1
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FIG. 2: Parameter ν vs. pT in the Collins-Soper frame for
three Drell-Yan measurements. Fits to the data using Eq. 3
and MC = 2.4 GeV/c2 are also shown.

is the quantity, 2ν − (1 − λ), for all three experiments.
For p + d at 800 GeV/c, Fig. 1 shows that λ is consis-
tent with 1, in agreement with previous studies [3, 25],
while µ and ν deviate only slightly from zero. This is in
contrast to the pion-induced Drell-Yan results, in which
much larger values of ν are found. Table I lists the mean
values of λ, µ, ν and 2ν − (1 − λ) for these three experi-
ments. Again, the qualitatively different behavior of the
azimuthal angular distributions for p + d versus π− + W
is evident. It is also interesting to note that while E615
clearly establishes the violation of the Lam-Tung rela-
tion, the NA10 and the p + d data are largely consistent
with the Lam-Tung relation.

In an attempt to extract information on the magnitude
of the h⊥

1 function from the NA10 data, Boer [17] as-
sumed that h⊥

1 is proportional to the spin-averaged par-
ton distribution function f1:

h⊥

1 (x, k2
T ) = CH

αT

π

MCMH

k2
T + M2

C

e−αT k2

T f1(x), (2)

where kT is the quark transverse momentum, MH is the
mass of the hadron H (pion or nucleon), and MC and
CH are constant fitting parameters. A Gaussian trans-
verse momentum dependence of e−αT k2

T with αT = 1
(GeV/c)−2 was assumed. The cos 2φ dependence then
results from the convolution of the pion h⊥

1 /f1 term with
the nucleon h⊥

1 /f1 term, and the parameter ν is given as

ν = 16κ1

p2
T M2

C

(p2
T + 4M2

C)2
, (3)

where κ1 = CH1
CH2

/2, and H1, H2 denote the two inter-
acting hadrons. As shown in Fig. 2, a good description
of the NA10 data is obtained with κ1 = 0.47 ± 0.14 and
MC = 2.4 ± 0.5 GeV/c2. A fit to the E615 ν data at
252 GeV/c using MC = 2.4 GeV/c2, also shown in Fig.
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⇥W � µ+µ�X
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ANOMALOUS DRELL-YAN ASYMMETRY FROM

HADRONIC OR QCD VACUUM EFFECTS ∗

DANIËL BOER

Dept. of Physics and Astronomy,
Vrije Universiteit Amsterdam,

De Boelelaan 1081, 1081 HV Amsterdam,

The Netherlands
E-mail: D.Boer@few.vu.nl

The anomalously large cos(2φ) asymmetry measured in the Drell-Yan process is
discussed. Possible origins of this large deviation from the Lam-Tung relation are
considered with emphasis on the comparison of two particular proposals: one that
suggests it arises from a QCD vacuum effect and one that suggests it is a hadronic
effect. Experimental signatures distinguishing these effects are discussed.

1. Introduction

Azimuthal asymmetries in the unpolarized Drell-Yan (DY) process differ-
ential cross section arise only in the following way

1

σ

dσ

dΩ
∝

(

1 + λ cos2 θ + µ sin 2θ cosφ +
ν

2
sin2 θ cos 2φ

)

, (1)

where φ is the angle between the lepton and hadron planes in the lepton
center of mass frame (see Fig. 3 of Ref.1). In the parton model (order α0

s)
quark-antiquark annihilation yields λ = 1, µ = ν = 0. The leading order
(LO) perturbative QCD corrections (order α1

s) lead to µ ̸= 0, ν ̸= 0 and
λ ̸= 1, such that the so-called Lam-Tung relation 1 − λ − 2ν = 0 holds.
Beyond LO, small deviations from the Lam-Tung relation will arise. If one
defines the quantity κ ≡ − 1

4 (1 − λ − 2ν) as a measure of the deviation

from the Lam-Tung relation, it has been calculated2,3 that at order α2
s κ

is small and negative: −κ <
∼ 0.01, for values of the muon pair’s transverse

momentum QT of up to 3 GeV/c.
Surprisingly, the data is incompatible with the Lam-Tung relation and

with its small order-α2
s modification as well3. These data from CERN’s

NA10 Collaboration4,5 and Fermilab’s E615 Collaboration6 are for π−N →
µ+µ−X , with N = D and W . The π−-beam energies range from 140 GeV

∗Talk presented at the International Workshop on Transverse Polarization Phenomena
in Hard Processes (Transversity 2005), Villa Olmo, Como, Italy, September 7-10, 2005

1

4

Nachtmann & Mirkes3 demonstrated that the diagonal elements H11 and
H22 can give rise to a deviation from the Lam-Tung relation:

κ ≡ −
1

4
(1 − λ − 2ν) ≈

〈

H22 − H11

1 + H33

〉

. (5)

A simple assumption for the transverse momentum dependence of (H22 −
H11)/(1 + H33) produced a good fit to the data:

κ = κ0
Q4

T

Q4
T + m4

T

, with κ0 = 0.17 and mT = 1.5 GeV. (6)

Note that for this Ansatz κ approaches a constant value (κ0) for large QT .
In other words, the vacuum effect could persist out to large values of QT .
The Q2 dependence of the vacuum effect is not known, but there is also no
reason to assume that the spin correlation due to the QCD vacuum effect
has to decrease with increasing Q2.

3. Explanation as a hadronic effect

Usually if one assumes that factorization of soft and hard energy scales in
a hard scattering process occurs, one implicitly also assumes factorization
of the spin density matrix. In the present section this will indeed be as-
sumed, but another common assumption will be dropped, namely that of
collinear factorization. It will be investigated what happens if one allows for
transverse momentum dependent parton distributions (TMDs). The spin
density matrix of a noncollinear quark inside an unpolarized hadron can
be nontrivial. In other words, the transverse polarization of a noncollinear
quark inside an unpolarized hadron in principle can have a preferred direc-
tion and the TMD describing that situation is called h⊥

1
10. As pointed out

in Ref.1 nonzero h⊥
1 leads to a deviation from Lam-Tung relation. It offers

a parton model explanation of the DY data (i.e. with λ = 1 and µ = 0):
κ = ν

2 ∝ h⊥
1 (π)h⊥

1 (N) . In this way a good fit to data was obtained
by assuming Gaussian transverse momentum dependence. The reason for
this choice of transverse momentum dependence is that in order to be con-
sistent with the factorization of the cross section in terms of TMDs, the
transverse momentum of partons should not introduce another large scale.
Therefore, explaining the Lam-Tung relation within this framework neces-
sarily implies that κ = ν

2 → 0 for large QT . This offers a possible way to
distinguish between the hadronic effect and the QCD vacuum effect.

It may be good to mention that not only a fit of h⊥
1 to data has been

made (under certain assumptions), also several model calculations of h⊥
1

5

and some of its resulting asymmetries have been performed11,12,13, based
on the recent insight that T-odd TMDs like h⊥

1 arise from the gauge link.
In order to see the parton model expectation κ = ν

2 → 0 at large QT in
the data, one has to keep in mind that the pQCD contributions (that grow
as QT increases) will have to be subtracted. For κ perturbative corrections
arise at order α2

s, but for ν already at order αs. To be specific, at large QT

hard gluon radiation (to first order in αs) gives rise to14

ν(QT ) =
Q2

T

Q2 + 3
2Q2

T

. (7)

Due to this growing large-QT perturbative contribution the fall-off of the
h⊥

1 contribution will not be visible directly from the behavior of ν at large
QT . Therefore, in order to use ν as function of QT to differentiate between
effects, it is necessary to subtract the calculable pQCD contributions. In
Fig. 3 an illustration of this point is given. The dashed curve corresponds

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0 1 2 3 4 5 6 7 8
QT

Figure 3. Impression of possible contributions to ν as function of QT compared to DY
data of NA10 (for Q = 8 GeV). Dashed curve: contribution from perturbative one-gluon
radiation. Dotted curve: contribution from a nonzero h⊥

1 . Solid curve: their sum.

to the contribution of Eq. (7) at Q = 8 GeV. The dotted line is a pos-
sible, parton model level, contribution from h⊥

1 with Gaussian transverse
momentum dependence. Together these contributions yield the solid curve
(although strictly speaking it is not the case that one can simply add them,
since one is a noncollinear parton model contribution expected to be valid
for small QT and the other is an order-αs result within collinear factor-
ization expected to be valid at large QT ). The data are from the NA10
Collaboration for a pion beam energy of 194 GeV/c 5.

The Q2 dependence of the h⊥
1 contribution is not known to date. Only

the effect of resummation of soft gluon radiation on the h⊥
1 contribution to

function. Here we do not intend to give a full demonstration

of this in the Drell-Yan process; a generalized factorization

theorem which includes transverse momentum dependent

functions and initial- or final-state interactions remains to be

proven !27". Instead we present how to arrive at an effective
# from initial- and/or final-state interactions and use this

effective # in Fig. 2. Also, for simplicity we will perform

the explicit calculation in QED. Our analysis can be gener-

alized to the corresponding calculation in QCD. The final-

state interaction from gluon exchange has the strength

!e1e2!/4$→CF%s(&
2), where ei are the photon couplings to

the quark and diquark.

The diagram in Fig. 3 coincides with Fig. 6'a( of Ref. !28"
used for the evaluation of a twist-4 contribution ()1/Q2) to

the unpolarized Drell-Yan cross section. The differences

compared to Ref. !28" are that in the present case there is
nonzero transverse momentum of the partons, and the as-

sumption that the matrix elements are nonvanishing in case

the gluon has a vanishing light-cone momentum fraction 'but
nonzero transverse momentum(. This results in an unsup-
pressed asymmetry which is a function of the transverse mo-

mentum Q! of the lepton pair with respect to the initial

hadrons. If this transverse momentum is integrated over, then

the unsuppressed asymmetry will average to zero and the

diagrams will only contribute at order 1/Q2 as in Ref. !28".

First we will calculate the # matrix to lowest order

'called #L
%*) in the quark-scalar diquark model which was

used in Ref. !7". 'Although the model is based on a point-like
coupling of a scalar diquark to elementary fermions, it can be

softened to simulate a hadronic bound state by differentiating

the wave function formally with respect to a parameter such

as the proton mass.( As indicated earlier, no nonzero f 1T
! and

h1
! will arise from #L

%* . Next we will include an additional

gluon exchange to model the initial- and/or final-state inter-

actions 'relevant for timelike or spacelike processes( to cal-
culate # I/F

%* and do obtain nonzero values for f 1T
! and h1

! .

Our results agree with those recently obtained in the same

model by Goldstein and Gamberg !12". We can then obtain
an expression for the cos 2+ asymmetry from Eq. '16( and
perform a numerical estimation of the asymmetry.

A. ! matrix in the lowest order „!
L

"#…
As indicated in Fig. 4 the initial proton has its momentum

given by P&!(P",P#,P!)!(P
",M 2/P" ,0!), and the fi-

nal diquark P!&!(P!",P!#,P!! )!„P"(1#,),(-2

"r!
2 )/P"(1#,),r!…. We use the convention a$!a0$a3,

a•b!1/2 (a"b#"a#b")#a!•b! .
We will first calculate the # matrix to lowest order (#L

%*)

in the quark-scalar diquark model used in Ref. !7". By cal-
culation of Fig. 4 one readily obtains

#L
%*!ag2" ū'P ,S (

r”"m

r2#m2#*" r”"m

r2#m2
u'P ,S (#%

1

P"'1#,(

!ag2! ū'P ,S ('r”"m ("*!'r”"m (u'P ,S ("%
1

P"'1#,(

%$ 1

,$M 2#
m2"r!

2

,
#

-2"r!
2

1#, % % 2

, '17(

with a constant a!1/!2(2$)3" . The normalization is fixed
by the condition

& d,d2r! f 1', ,r!(!1. '18(

In Eq. '17( we used the relation

FIG. 2. The leading-order contribution to the Drell-Yan process.

FIG. 3. The initial-state interaction contribution to the Drell-Yan

process.

FIG. 4. Diagram which gives the lowest order # 'called #L
%*).
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Double Initial-State Interactions  
generate anomalous  

the differential cross section is written as

1

!

d!

d"
!
3

4#

1

$"3

#! 1"$ cos2%"& sin2% cos'"
(

2
sin2% cos 2' " .

)1*

These angular dependencies1 can all be generated by pertur-

bative QCD corrections where, for instance, initial quarks

radiate off high energy gluons into the final state. Such a

perturbative QCD calculation at next-to-leading order leads

to $+1,&+0,(+0 at a very small transverse momentum of

the lepton pair. More generally, the Lam-Tung relation 1

$$$2(!0 ,17- is expected to hold at order .s and the

relation is hardly modified by next-to-leading order (.s
2) per-

turbative QCD corrections ,18-. However, this relation is not
satisfied by the experimental data ,13,14-. The Drell-Yan
data show remarkably large values of ( , reaching values of
about 30% at transverse momenta of the lepton pair between

2 and 3 GeV )for Q2!m/*
2 !(4$12 GeV)2 and extracted in

the Collins-Soper frame ,19- to be discussed below*. These
large values of ( are not compatible with $+1 as also seen
in the data.

A number of explanations have been put forward, such as

a higher twist effect ,20,21-, following the ideas of Berger
and Brodsky ,22-. In Ref. ,20- the higher twist effect is mod-
eled using an asymptotic pion distribution amplitude, and it

appears to fall short in explaining the large values of ( .
In Ref. ,18- factorization-breaking correlations between

the incoming quarks are assumed and modeled in order to

account for the large cos 2' dependence. Here the correla-

tions are both in the transverse momentum and the spin of

the quarks. In Ref. ,6- this idea was applied in a factorized
approach ,23- involving the chiral-odd partner of the Sivers
effect, which is the transverse momentum dependent distri-

bution function called h1
! . From this point of view, the large

cos 2' azimuthal dependence can arise at leading order, i.e.

it is unsuppressed, from a product of two such distribution

functions. It offers a natural explanation for the large cos 2'
azimuthal dependence, but at the same time also for the

small cos' dependence, since chiral-odd functions can only

occur in pairs. The function h1
! is a quark helicity-flip matrix

element and must therefore occur accompanied by another

helicity flip. In the unpolarized Drell-Yan process this can

only be a product of two h1
! functions. Since this implies a

change by two units of angular momentum, it does not con-

tribute to a cos' asymmetry. In the present paper we will

discuss this scenario in terms of initial-state interactions,

which can generate a nonzero function h1
! .

We would also like to point out the experimental obser-

vation that the cos 2' dependence as observed by the NA10

Collaboration does not seem to show a strong dependence on

A, i.e. there was no significant difference between the deute-

rium and tungsten targets. Hence, it is unlikely that the asym-

metry originates from nuclear effects, and we shall assume it

to be associated purely with hadronic effects. We refer to

Ref. ,24- for investigations of nuclear enhancements.
We compute the function h1

!(x ,p!
2 ) and the resulting

cos 2' asymmetry explicitly in a quark-scalar diquark model
for the proton with an initial-state gluon interaction. In this

model h1
!(x ,p!

2 ) equals the T-odd )chiral-even* Sivers effect
function f 1T

! (x ,p!
2 ). Hence, assuming the cos 2' asymmetry

of the unpolarized Drell-Yan process does arise from non-

zero, large h1
! , this asymmetry is expected to be closely

related to the single-spin asymmetries in the SIDIS and the

Drell-Yan process, since each of these effects can arise from

the same underlying mechanism.

The Fermilab Tevatron and BNL Relativistic Heavy Ion

Collider )RHIC* should both be able to investigate azimuthal
asymmetries such as the cos 2' dependence. Since polarized
proton beams are available, RHIC will be able to measure

single-spin asymmetries as well. Unfortunately, one might

expect that the cos 2' dependence in pp→!!̄X )measurable
at RHIC* is smaller than for the process #$N→&"&$X ,

since in the former process there are no valence antiquarks

present. In this sense, the cleanest extraction of h1
! would be

from pp̄→!!̄X .

III. CROSS SECTION CALCULATION

In this section we will assume nonzero h1
! and discuss the

calculation of the leading order unpolarized Drell-Yan cross

section )given in Ref. ,6- with slightly different notation*

d!)h1h2→!!̄X *

d"dx1dx2d
2q!

!
.2

3Q2 0
a , ā

ea
2# A)y *F , f 1 f̄ 1-

"B)y *cos)2'*F $ )2ĥ•p!ĥ•k!

$p!•k!*
h1

!h̄1
!

M 1M 2
% & . )2*

This is expressed in the so-called Collins-Soper frame ,19-,
for which one chooses the following set of normalized vec-

tors )for details see, e.g. ,25-*:

t̂1q/Q , )3*

ẑ1
x1

Q
P̃1$

x2

Q
P̃2, )4*

ĥ1q! /Q!!)q$x1P1$x2P2*/Q! , )5*

where P̃ i1Pi$q/(2xi), Pi are the momenta of the two in-

coming hadrons and q is the four momentum of the virtual

photon or, equivalently, of the lepton pair. This can be related

to standard Sudakov decompositions of these momenta

1We neglect sin' and sin 2' dependencies, since these are of

higher order in .s ,15,16- and are expected to be small.
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Drell-Yan planar correlations 

Double ISI

Hard gluon radiation
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Conformal behavior: Q4F1(Q2)⇥ const
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Q4F1(Q2) ⇤ constant
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⇥(QT )

Q = 8GeV

Conformal behavior: Q4F1(Q2)⇥ const

Conformal behavior: Q2F⇤(Q2)⇥ const

�s(Q2) ⇤ constant at small Q2.

Q4F1(Q2) ⇤ constant
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Q = 8GeV

⌅N ⇥ µ+µ�X NA10

Conformal behavior: Q4F1(Q2)⇥ const
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ANOMALOUS DRELL-YAN ASYMMETRY FROM

HADRONIC OR QCD VACUUM EFFECTS ∗

DANIËL BOER

Dept. of Physics and Astronomy,
Vrije Universiteit Amsterdam,

De Boelelaan 1081, 1081 HV Amsterdam,

The Netherlands
E-mail: D.Boer@few.vu.nl

The anomalously large cos(2φ) asymmetry measured in the Drell-Yan process is
discussed. Possible origins of this large deviation from the Lam-Tung relation are
considered with emphasis on the comparison of two particular proposals: one that
suggests it arises from a QCD vacuum effect and one that suggests it is a hadronic
effect. Experimental signatures distinguishing these effects are discussed.

1. Introduction

Azimuthal asymmetries in the unpolarized Drell-Yan (DY) process differ-
ential cross section arise only in the following way

1

σ

dσ

dΩ
∝

(

1 + λ cos2 θ + µ sin 2θ cosφ +
ν

2
sin2 θ cos 2φ

)

, (1)

where φ is the angle between the lepton and hadron planes in the lepton
center of mass frame (see Fig. 3 of Ref.1). In the parton model (order α0

s)
quark-antiquark annihilation yields λ = 1, µ = ν = 0. The leading order
(LO) perturbative QCD corrections (order α1

s) lead to µ ̸= 0, ν ̸= 0 and
λ ̸= 1, such that the so-called Lam-Tung relation 1 − λ − 2ν = 0 holds.
Beyond LO, small deviations from the Lam-Tung relation will arise. If one
defines the quantity κ ≡ − 1

4 (1 − λ − 2ν) as a measure of the deviation

from the Lam-Tung relation, it has been calculated2,3 that at order α2
s κ

is small and negative: −κ <
∼ 0.01, for values of the muon pair’s transverse

momentum QT of up to 3 GeV/c.
Surprisingly, the data is incompatible with the Lam-Tung relation and

with its small order-α2
s modification as well3. These data from CERN’s

NA10 Collaboration4,5 and Fermilab’s E615 Collaboration6 are for π−N →
µ+µ−X , with N = D and W . The π−-beam energies range from 140 GeV

∗Talk presented at the International Workshop on Transverse Polarization Phenomena
in Hard Processes (Transversity 2005), Villa Olmo, Como, Italy, September 7-10, 2005
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Integration over on-shell domain produces phase i

Need Imaginary Phase to Generate Pomeron and DDIS

Need Imaginary Phase to Generate T-
Odd Single-Spin Asymmetry

Physics of FSI not in Wavefunction of Target!
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QCD Mechanism for Rapidity Gaps

Wilson Line: ψ(y)
Z y

0
dx eiA(x)·dx ψ(0)

P

Reproduces lab-frame color dipole approach

Hoyer, Marchal, Peigne, Sannino, sjb
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FIG. 2: (Color online) Comparison with experimental ratios
R = F A

2 /F D
2 . The ordinate indicates the fractional differences

between experimental data and theoretical values: (Rexp −

Rtheo)/Rtheo.
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FIG. 3: (Color online) Comparison with experimental data of
R = F A
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2

. The ratios (Rexp − Rtheo)/Rtheo are shown.

ters cannot be determined easily by the present data.
The χ2 analysis results are shown in comparison with

the data. First, χ2 values are listed for each nuclear
data set in Table III. The total χ2 divided by the degree
of freedom is 1.58. Comparison with the actual data is
shown in Figs. 2, 3, and 4 for the FA

2 /FD
2 , FA

2 /FC,Li
2 ,

and Drell-Yan (σpA
DY /σpA′

DY ) data, respectively. These ra-
tios are denoted Rexp for the experimental data and Rtheo

for the parametrization calculations. The deviation ra-
tios (Rexp−Rtheo)/Rtheo are shown in these figures. The
NPDFs are evolved to the experimental Q2 points, then
the ratios (Rexp − Rtheo)/Rtheo are calculated.
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FIG. 5: (Color online) Parametrization results are compared
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DY /σpD

DY . The theoretical curves and uncertainties are cal-
culated at Q2=5 GeV2 for the F2 ratios and at Q2=50 GeV2
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As examples, actual data are compared with the
parametrization results in Fig. 5 for the ratios FCa

2 /FD
2

and σpCa
DY /σpD

DY . The shaded areas indicate the ranges of
NPDF uncertainties, which are calculated at Q2=5 GeV2

for the F2 ratios and at Q2=50 GeV2 for the Drell-Yan
ratios. The experimental data are well reproduced by the
parametrization, and the the data errors agree roughly
with the uncertainty bands. We should note that the
parametrization curves and the uncertainties are calcu-
lated at at Q2=5 and 50 GeV2, whereas the data are
taken at various Q2 points. In Fig. 5, the smallest-
x data at x=0.0062 for FCa

2 /FD
2 seems to deviate from

the parametrization curve. However, the deviation comes
simply from a Q2 difference. In fact, if the theoretical ra-
tio is estimated at the experimental Q2 point, the data
point agrees with the parametrization as shown in Fig.
2.

5

Anti-Shadowing

Shadowing
M. Hirai, S. Kumano and T. H. Nagai,
“Nuclear parton distribution functions
and their uncertainties,”
Phys. Rev. C 70, 044905 (2004)
[arXiv:hep-ph/0404093].
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Nuclear Shadowing in QCD 

Nuclear  Shadowing not included in nuclear LFWF !  
!

 Dynamical effect due to virtual photon interacting in nucleus

Stodolsky 
Pumplin, sjb 

Gribov

Shadowing depends on understanding leading twist-diffraction in DIS

Diffraction via Reggeon gives constructive interference!

Anti-shadowing not universal
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The one-step and two-step processes in DIS
on a nucleus.

Coherence at small Bjorken xB :
1/MxB = 2�/Q2 � LA.

If the scattering on nucleon N1 is via pomeron
exchange, the one-step and two-step ampli-
tudes are opposite in phase, thus diminishing
the q flux reaching N2.

� Shadowing of the DIS nuclear structure
functions.

Diffraction via Pomeron gives destructive interference!

Shadowing
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Origin of Regge Behavior of        
Deep Inelastic Structure Functions

Antiquark interacts with target nucleus at
energy ŝ ⇤ 1

xbj

Regge contribution: ⇥q̄N ⇥ ŝ�R�1

Shadowing of ⇥q̄M produces shadowing of
nuclear structure function.

c

c̄

g

Antiquark interacts with target nucleus at
energy ŝ ⇤ 1

xbj

Regge contribution: ⇥q̄N ⇥ ŝ�R�1

Shadowing of ⇥q̄M produces shadowing of
nuclear structure function.

c

c̄

g

Antiquark interacts with target nucleus at
energy ŝ ⇤ 1

xbj

Regge contribution: ⇥q̄N ⇥ ŝ�R�1

Shadowing of ⇥q̄M produces shadowing of
nuclear structure function.

c

c̄

g

Antiquark interacts with target nucleus at
energy ŝ ⇤ 1

xbj

Regge contribution: ⇥q̄N ⇥ ŝ�R�1 gives F2N ⇥
x1��R

Nonsinglet Kuti-Weissko� F2p � F2n ⇤
⌅

xbj
at small xbj.

Shadowing of ⇥q̄M produces shadowing of
nuclear structure function.

c

Landshoff, 
Polkinghorne, Short 

Close, Gunion, sjb 

Schmidt, Yang,  Lu, 
sjb 

F2p(x)� F2n(x) / x

1/2
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Non-singlet 
Reggeon 
Exchange

x0.5

Kuti-Weisskopf 
behavior
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The one-step and two-step processes in DIS
on a nucleus.

Coherence at small Bjorken xB :
1/MxB = 2�/Q2 � LA.

If the scattering on nucleon N1 is via pomeron
exchange, the one-step and two-step ampli-
tudes are opposite in phase, thus diminishing
the q flux reaching N2.

Diffraction via Reggeon gives constructive interference!

Anti-shadowing

Reggeon
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Phase of two-step amplitude relative to one
step:
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2
(1� i)⇥ i = 1⇧

2
(i + 1)

Constructive Interference

Depends on quark flavor!

Thus antishadowing is not universal

Di�erent for couplings of �⇤, Z0, W±

Reggeon 
Exchange

Critical test: Tagged Drell-Yan
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FIG. 2: (Color online) Comparison with experimental ratios
R = F A

2 /F D
2 . The ordinate indicates the fractional differences

between experimental data and theoretical values: (Rexp −

Rtheo)/Rtheo.
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ters cannot be determined easily by the present data.
The χ2 analysis results are shown in comparison with

the data. First, χ2 values are listed for each nuclear
data set in Table III. The total χ2 divided by the degree
of freedom is 1.58. Comparison with the actual data is
shown in Figs. 2, 3, and 4 for the FA

2 /FD
2 , FA

2 /FC,Li
2 ,

and Drell-Yan (σpA
DY /σpA′

DY ) data, respectively. These ra-
tios are denoted Rexp for the experimental data and Rtheo

for the parametrization calculations. The deviation ra-
tios (Rexp−Rtheo)/Rtheo are shown in these figures. The
NPDFs are evolved to the experimental Q2 points, then
the ratios (Rexp − Rtheo)/Rtheo are calculated.
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DY . The theoretical curves and uncertainties are cal-
culated at Q2=5 GeV2 for the F2 ratios and at Q2=50 GeV2
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As examples, actual data are compared with the
parametrization results in Fig. 5 for the ratios FCa

2 /FD
2

and σpCa
DY /σpD

DY . The shaded areas indicate the ranges of
NPDF uncertainties, which are calculated at Q2=5 GeV2

for the F2 ratios and at Q2=50 GeV2 for the Drell-Yan
ratios. The experimental data are well reproduced by the
parametrization, and the the data errors agree roughly
with the uncertainty bands. We should note that the
parametrization curves and the uncertainties are calcu-
lated at at Q2=5 and 50 GeV2, whereas the data are
taken at various Q2 points. In Fig. 5, the smallest-
x data at x=0.0062 for FCa

2 /FD
2 seems to deviate from

the parametrization curve. However, the deviation comes
simply from a Q2 difference. In fact, if the theoretical ra-
tio is estimated at the experimental Q2 point, the data
point agrees with the parametrization as shown in Fig.
2.

5

Anti-Shadowing

Shadowing
M. Hirai, S. Kumano and T. H. Nagai,
“Nuclear parton distribution functions
and their uncertainties,”
Phys. Rev. C 70, 044905 (2004)
[arXiv:hep-ph/0404093].



!
Light-Front QCD II  Stan Brodsky

M a y  2 6 - 3 0 ,  2 0 1 4

Home International Light Cone Advisory Committee NC State Physics Jefferson Lab NC State College of Sciences

N a v i g a t i o n

Final Circular
Program
Registration
Accommodations
Travel
Poster
Participants
Scientific Advisory
Comm

Meeting Email: 
LightCone2014 'at' ncsu.edu
For questions and further
information about the
meeting.

N e w s  &  U p d a t e s

R a l e i g h ,  N C

Things to do in Raleigh
Visit Raleigh
Downtown Raleigh
Visit the NC Triangle

R a l e i g h ,  N C ,  U S A

W e l c o m e  t o  L i g h t  C o n e  2 0 1 4

We invite you to participate in the

forthcoming Light Cone 2014 (LC2014)

meeting, to be held in Raleigh, North Carolina,

during May 26-30, 2014.

In anticipation of opportunities afforded by new facilities such
as the 12 GeV upgrade of Jefferson Lab, the FAIR facility at GSI,
J-PARC, and other facilities around the globe, we plan to
organize a timely scientific program to make a representative
impact on the forefront research development of nuclear,
hadron and particle physics. A main focus of the meeting will be
the interface between theory and experiment in hadron physics.
We encourage many young physicists to join and actively discuss
with the world experts participating in this meeting.

L o c a l  O r g a n i z i n g  C o m m i t t e e

Chueng Ji - NCSU Workshop Chair

Wally Melnitchouk - JLab
Haiyan Gao - Duke University
Dean Lee - NCSU
Thomas Schäfer - NCSU
Mithat Ünsal - NCSU
John Blondin - NCSU
Leslie Cochran and Rhonda Bennett - Administrative Support

M e e t i n g  S p o n s o r s

NC State Department of Physics
NC State College of Sciences
Jefferson Lab

contact | Department of Physics | College of Sciences | North Carolina State University

September 21 2013

LC2014 Registration
opens October 1, 2013.

May 21 2013

LC2014-Raleigh was
formally approved at the
ILCAC Meeting in

!
Crete June 10 2014

Figure 1: Nuclear correction factor R according to Eq. 1
for the differential cross section d2σ/dx dQ2 in charged
current neutrino-Fe scattering at Q2 = 5 GeV2. Results
are shown for the charged current neutrino (solid lines)
and anti-neutrino (dashed lines) scattering from iron.
The upper (lower) pair of curves shows the result of our
analysis with the Base-2 (Base-1) free-proton PDFs.

Figure 2: Predictions (solid and dashed line) for the
structure function ratio F F e

2 /F D
2 using the iron PDFs

extracted from fits to NuTeV neutrino and anti-neutrino
data. The SLAC/NMC parameterization is shown with
the dot-dashed line. The structure function F D

2 in the
denominator has been computed using either the Base-2
(solid line) or the Base-1 (dashed line) PDFs.

(significant) dependence on the energy scale Q, the atomic number A, or the specific observable.
The increasing precision of both the experimental data and the extracted PDFs demand that the
applied nuclear correction factors be equally precise as these contributions play a crucial role in
determining the PDFs. In this study we reexamine the source and size of the nuclear corrections
that enter the PDF global analysis, and quantify the associated uncertainty. Additionally, we
provide the foundation for including the nuclear correction factors as a dynamic component of
the global analysis so that the full correlations between the heavy and light target data can be
exploited.

A recent study 1 analyzed the impact of new data sets from the NuTeV 3, Chorus, and E-
866 Collaborations on the PDFs. This study found that the NuTeV data set (together with the
model used for the nuclear corrections) pulled against several of the other data sets, notably the
E-866, BCDMS and NMC sets. Reducing the nuclear corrections at large values of x reduced
the severity of this pull and resulted in improved χ2 values. These results suggest on a purely
phenomenological level that the appropriate nuclear corrections for ν-DIS may well be smaller
than assumed.

To investigate this question further, we use the high-statistics ν-DIS experiments to perform
a dedicated PDF fit to neutrino–iron data.2 Our methodology for this fit is parallel to that of
the previous global analysis,1 but with the difference we use only Fe data and that no nuclear
corrections are applied to the analyzed data; hence, the resulting PDFs are for a bound proton
in an iron nucleus. Specifically, we determine iron PDFs using the recent NuTeV differential
neutrino (1371 data points) and anti-neutrino (1146 data points) DIS cross section data,3 and
we include NuTeV/CCFR dimuon data (174 points) which are sensitive to the strange quark
content of the nucleon. We impose kinematic cuts of Q2 > 2 GeV and W > 3.5 GeV, and obtain
a good fit with a χ2 of 1.35 per data point.2

2 Nuclear Correction Factors

We now compare our iron PDFs with the free-proton PDFs (appropriately scaled) to infer the
proper heavy target correction which should be applied to relate these quantities. Within the

Extrapolations from  NuTeV

SLAC/NMC data

Q2 = 5 GeV2

Scheinbein, Yu, Keppel, Morfin, Olness, Owens

No anti-shadowing in deep inelastic neutrino scattering !
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Nuclear Antishadowing not universal !

Schmidt, Yang; sjb
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Shadowing and Antishadowing  of DIS 
Structure Functions

S. J. Brodsky, I. Schmidt and J. J. Yang, “Nuclear Antishadowing in
Neutrino Deep Inelastic Scattering,” Phys. Rev. D 70, 116003 (2004)
[arXiv:hep-ph/0409279].

S. J. Brodsky, I. Schmidt and J. J. Yang,
“Nuclear Antishadowing in
Neutrino Deep Inelastic Scattering,”
Phys. Rev. D 70, 116003 (2004)
[arXiv:hep-ph/0409279].

Modifies 
NuTeV extraction of 

sin2 �W

Test in flavor-tagged  
lepton-nucleus collisions
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• Square of Target LFWFs                 Modified by Rescattering: ISI & FSI

• No Wilson Line                             Contains Wilson Line, Phases

• Probability Distributions                 No Probabilistic Interpretation

• Process-Independent                      Process-Dependent - From Collision

• T-even Observables                        T-Odd (Sivers, Boer-Mulders, etc.)

• No Shadowing,  Anti-Shadowing      Shadowing,  Anti-Shadowing, Saturation

• Sum Rules: Momentum and Jz               Sum Rules Not Proven

• DGLAP Evolution; mod. at large x   DGLAP Evolution

• No Diffractive DIS                         Hard Pomeron and Odderon Diffractive DIS

Static                           Dynamic

General remarks about orbital angular mo-
mentum

�n(xi,⇥k�i, �i)

�n
i=1(xi

⇥R�+⇥b�i) = ⇥R�

xi
⇥R�+⇥b�i

�n
i
⇥b�i = ⇥0�

�n
i xi = 1

2

11-2001 
8624A06

S

current 
quark jet

final state 
interaction

spectator 
system

proton

e– 

!*

e– 

quark

Mulders, Boer

Qiu, Sterman

 Pasquini, Xiao,  
Yuan, sjb

Collins, Qiu

Hwang, 
Schmidt, sjb,



Key QCD Issues in Electroproduction

• Intrinsic Heavy Quarks 

• Role of Color Confinement in DIS 

• Hadronization at the Amplitude Level 

• Leading-Twist Lensing: Sivers Effect 

• Diffractive DIS 

• Static versus Dynamic Structure Functions 

• Origin of Shadowing and Anti-Shadowing 

• Is Anti-Shadowing Non-Universal: Flavor Specific? 

• Nature of Nuclear Correlations 

• 1  < x  <  A 
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1/16/2005 Mike Leitch 12

Nuclear modification of parton level structure & dynamics

Modification of parton momentum 
distributions of nucleons embedded in nuclei
• shadowing – depletion of low-momentum 
partons (gluons)
• coherence & dynamical shadowing 
• gluon saturation – e.g. color glass condensate, 
a specific/fundamental model of gluon 
saturation which gives shadowing in nuclei

800 GeV p-A (FNAL)   !A = !p*A"

PRL 84, 3256 (2000); PRL 72, 2542 (1994)

open charm: no A-dep

at mid-rapidity

= x
1
-x

2

Q = 2 GeV
5 GeV

10 GeV

Gluon shadowing

Gerland, Frankfurt, Strikman,

Stocker & Greiner (hep-ph/9812322)

Nuclear effects on parton “dynamics”
• energy loss of partons as they propagate 
through nuclei
• and (associated?) multiple scattering 
effects (Cronin effect)
• absorption of J/! on nucleons or co-
movers; compared to no-absorption for 
open charm production

Remarkably Strong Nuclear 
Dependence for Fast Charmonium

M. Leitch

 Violation of factorization in charm hadroproduction. 
P. Hoyer, M. Vanttinen (Helsinki U.) ,  U. Sukhatme (Illinois U., Chicago) . HU-TFT-90-14, May 1990. 7pp.  

 Published in Phys.Lett.B246:217-220,1990

Violation of PQCD Factorization!

d⇥
dxF

(pA� J/⇤X)

d⇥
dxF

(�A� J/⇤X)

xF

A2/3 component

A1 component

Fits conventional PQCD subprocesses

IC Explains large excess of quarkonia at large xF,  A-dependence
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Intrinsic Charm Mechanism for Inclusive  
High-XF Higgs Production

H

Higgs can have > 80% of Proton Momentum!

Also: intrinsic strangeness, bottom, top

pp� HXp
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c
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New production mechanism for Higgs

AFTER: Higgs production at threshold!



Figure 3: The cross section of inclusive Higgs production in fb, coming

from the nonperturbative intrinsic bottom distribution, at both LHC

(
√

s = 14 TeV, solid curve) and Tevatron (
√

s = 2 TeV, dashed curve)

energies.

that the cross section for inclusive Higgs production from intrinsic bottom is much

higher than the one coming from intrinsic charm. Although it is true that the Higgs-

quark coupling, proportional to mQ, cancels in the cross section with PIQ ∝ 1/m2
Q,

the matrix element between IQ and Higgs wave functions has an additional mQ factor.

This is because the Higgs wave function is very narrow and the overlap of the two

wave functions results in ΨQQ(0) ∝ mQ. Thus, the cross section rises as m2
Q, as we

see in the results.

We can compare our predictions for inclusive Higgs production coming from

IB with our previous ansatz for the Higgs production gluon-gluon fusion process

xdN/dx = 6(1 − x)5. At the maximum (xF = 0.9) of the IB curve we get a value of

roughly 50 fb, while there gluon-gluon gives 0.067 fb. Thus this high-xF region is the

ideal place to look for Higgs production coming from intrinsic heavy quarks.

We obtain essentially the same curves for Tevatron energies (
√

s = 2 TeV) , al-

though the rates are reduced by a factor of approximately 3.

We also show in Fig.4 the results for Higgs production coming from the perturba-

tive charm distribution. The magnitude of the production cross section is considerably

12

Intrinsic Heavy Quark Contribution  to 
Inclusive Higgs Production⌅ = t + z/c
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QCD Lagrangian

Yang Mills Gauge Principle: Color 
Rotation and Phase Invariance at 

Every Point of Space and Time 

Scale-Invariant Coupling 
Renormalizable  

Asymptotic Freedom 
Color Confinement 

LQCD = �1
4
Tr(Gµ⌫Gµ⌫) +

nfX

f=1

i ̄fDµ�µ f +
nfX

f=1

mf  ̄f f

iDµ = i@µ � gAµ Gµ⌫ = @µAµ � @⌫Aµ � g[Aµ, A⌫ ]

Fundamental Theory of Hadron and Nuclear Physics 

QCD Mass Scale from Confinement not Explicit

quark

Classically Conformal if mq=0
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Goal: an analytic first approximation to QCD

•As Simple as Schrödinger Theory in Atomic Physics 

•Relativistic, Frame-Independent, Color-Confining 

•Confinement in QCD -- What sets the QCD mass scale? 

•QCD Coupling at all scales 

•Hadron Spectroscopy 

•Light-Front Wavefunctions 

•Form Factors, Structure Functions,Hadronic Observables 

•Constituent Counting Rules 

•Hadronization at the Amplitude Level 

•Insights into QCD Condensates 

•Chiral Symmetry 

•Systematically improvable
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Coulomb  potential  

Includes Lamb Shift, quantum corrections

Bohr Spectrum
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QED atoms: positronium and 
muonium

Semiclassical first approximation to QED -->  

Eliminate higher Fock states              
and retarded interactions

LQED

Atomic Physics from First Principles
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Coupled Fock states

Effective two-particle equation

 Azimuthal  Basis

Confining AdS/QCD  
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QCD
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Light-Front QCD
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• Functional relation: |⇤|2
� = 2⇥

x(1�x) |⇤(x,b⇤)|2

• Invariant mass M2 in terms of LF mode ⇥
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where the interaction terms are summed up in the effective potential U(�) and the orbital angular

momentum in�2 has the SO(2) Casimir representation SO(N) ⇤ SN�1 : L(L+N�2)

� ⌃2

⌃⌅2
|⇥⇧ = L2|⇥⇧

• LF eigenvalue equation HLF |⇥⇧ = M2|⇥⇧ is a LF wave equation for ⇥

�
� d2

d�2
� 1� 4L2

4�2
+ U(�)

⇥
⇥(�) = M2⇥(�)

• Effective light-front Schrödinger equation: relativistic, covariant and analytically tractable.

Diffraction 2008, La Londe-les-Maures, September 9-14, 2008 Page 10

mq = 0



9th Summer School in Theoretical Physics, Chongqing, Matin Mojaza

Automation Example: Static-Quark Potential
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Three-loop static potential
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We compute the three-loop corrections to the potential of two heavy quarks. In particular we
consider in this Letter the purely gluonic contribution which provides in combination with the
fermion corrections of Ref. [1] the complete answer at three loops.

PACS numbers: 12.38.Bx, 14.65.Dw, 14.65.Fy, 14.65.Ha

The potential between two heavy quarks constitutes a
fundamental quantity in Quantum Chromodynamics. It
enters in a variety of physical processes like the thresh-
old production of top quark pairs and the description of
charm and bottom quark bound states. Furthermore, it
is crucial for the understanding of fundamental quantities
of QCD, such as confinement. (See Ref. [2] for a recent
review.)
The idea to describe a bound state of heavy coloured

objects in analogy to the well-established hydrogen atom,
goes back to the middle of the 1970s [3]. Shortly after-
wards, about 30 years ago, one-loop radiative corrections
have been evaluated in the works [4, 5]. It took almost 20
years until the next order became available [6–8] which,
at that time, was a heroic enterprize. The two-loop cor-
rections turned out to be numerically quite important
which triggered several investigations to go beyond. End
of last year the fermionic corrections to the three-loop
static potential have been completed [1, 9, 10]. In this
Letter we report about the pure gluonic part which com-
pletes the three-loop corrections to the static potential.
We present our results for the static potential in mo-

mentum space where it takes the form

V (|q⃗ |) =

−
4πCFαs(|q⃗ |)

q⃗ 2

[

1 +
αs(|q⃗ |)

4π
a1 +

(

αs(|q⃗ |)

4π

)2

a2

+

(

αs(|q⃗ |)

4π

)3 (

a3 + 8π2C3
A ln

µ2

q⃗ 2

)

+ · · ·

]

. (1)

Here, CA = Nc and CF = (N2
c − 1)/(2Nc) are the eigen-

values of the quadratic Casimir operators of the adjoint
and fundamental representations of the SU(Nc) colour
gauge group, respectively, and αs denotes the strong cou-
pling in the MS scheme. The one- and two-loop coeffi-
cients a1 [4, 5] and a2 [6–8, 11] are given in Eq. (4) of
Ref. [1] where also the higher order terms in ϵ, necessary
for the three-loop calculation, are presented. In Eq. (1)
we identify the renormalization scale µ2 and the momen-
tum transfer q⃗ 2. The complete dependence on µ can
easily be restored with the help of Eq. (2) of Ref. [1].
A new feature of the three-loop corrections to V (|q⃗ |)

is the appearance of infrared divergences [12] which is

FIG. 1: Sample diagrams contributing to the static potential
at tree-level, one-, two- and three-loop order. Solid and curly
lines represent quarks and gluons, respectively. In the case of
closed loops the quarks are massless; the external quarks are
heavy and treated in the static limit.

represented by the ln(µ2/q⃗ 2) term in Eq. (1). It has
been evaluated for the first time in Refs. [13, 14] (see also
Ref. [15]); in Eq. (1) we adopt the MS scheme which has
been used in Ref. [14]. Let us mention that the infrared
divergence cancels in physical quantities after including
the contribution where so-called ultrasoft gluons inter-
act with the heavy quark anti-quark bound state. An
explicit result can, e.g., be found in Ref. [14] where the
cancellation has been demonstrated in order to arrive at
the measurable energy levels of the heavy-quark system.
We note in passing that higher order logarithmic contri-
butions to the infrared behaviour of the static potential
have been computed in Refs. [16, 17].

Before presenting our results for a3 let us provide some
technical details. We generate the four-point quark anti-
quark amplitudes with the help of QGRAF [18]. Some sam-
ple diagrams up to three-loop order are shown in Fig. 1.
In a next step they are processed further with q2e and
exp [19, 20] where a mapping to the diagrams of Fig. 2 is
achieved. The mapping to two-point functions is possi-
ble since the only dimenionful quantity in our problem is
given by the momentum transfer between the quark and
the anti-quark. Although there is only one mass scale
in our problem technical complications arise from the
simultaneous presence of static lines (zigzag lines) and
relativistic propagators (solid lines) which significantly
increases the complexity of the reduction to master in-
tegrals. For this task we employ the program package
FIRE [21] in order to achieve a reduction to about 100 ba-
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pling in the MS scheme. The one- and two-loop coeffi-
cients a1 [4, 5] and a2 [6–8, 11] are given in Eq. (4) of
Ref. [1] where also the higher order terms in ϵ, necessary
for the three-loop calculation, are presented. In Eq. (1)
we identify the renormalization scale µ2 and the momen-
tum transfer q⃗ 2. The complete dependence on µ can
easily be restored with the help of Eq. (2) of Ref. [1].
A new feature of the three-loop corrections to V (|q⃗ |)

is the appearance of infrared divergences [12] which is

FIG. 1: Sample diagrams contributing to the static potential
at tree-level, one-, two- and three-loop order. Solid and curly
lines represent quarks and gluons, respectively. In the case of
closed loops the quarks are massless; the external quarks are
heavy and treated in the static limit.

represented by the ln(µ2/q⃗ 2) term in Eq. (1). It has
been evaluated for the first time in Refs. [13, 14] (see also
Ref. [15]); in Eq. (1) we adopt the MS scheme which has
been used in Ref. [14]. Let us mention that the infrared
divergence cancels in physical quantities after including
the contribution where so-called ultrasoft gluons inter-
act with the heavy quark anti-quark bound state. An
explicit result can, e.g., be found in Ref. [14] where the
cancellation has been demonstrated in order to arrive at
the measurable energy levels of the heavy-quark system.
We note in passing that higher order logarithmic contri-
butions to the infrared behaviour of the static potential
have been computed in Refs. [16, 17].

Before presenting our results for a3 let us provide some
technical details. We generate the four-point quark anti-
quark amplitudes with the help of QGRAF [18]. Some sam-
ple diagrams up to three-loop order are shown in Fig. 1.
In a next step they are processed further with q2e and
exp [19, 20] where a mapping to the diagrams of Fig. 2 is
achieved. The mapping to two-point functions is possi-
ble since the only dimenionful quantity in our problem is
given by the momentum transfer between the quark and
the anti-quark. Although there is only one mass scale
in our problem technical complications arise from the
simultaneous presence of static lines (zigzag lines) and
relativistic propagators (solid lines) which significantly
increases the complexity of the reduction to master in-
tegrals. For this task we employ the program package
FIRE [21] in order to achieve a reduction to about 100 ba-
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The potential between two heavy quarks constitutes a
fundamental quantity in Quantum Chromodynamics. It
enters in a variety of physical processes like the thresh-
old production of top quark pairs and the description of
charm and bottom quark bound states. Furthermore, it
is crucial for the understanding of fundamental quantities
of QCD, such as confinement. (See Ref. [2] for a recent
review.)
The idea to describe a bound state of heavy coloured

objects in analogy to the well-established hydrogen atom,
goes back to the middle of the 1970s [3]. Shortly after-
wards, about 30 years ago, one-loop radiative corrections
have been evaluated in the works [4, 5]. It took almost 20
years until the next order became available [6–8] which,
at that time, was a heroic enterprize. The two-loop cor-
rections turned out to be numerically quite important
which triggered several investigations to go beyond. End
of last year the fermionic corrections to the three-loop
static potential have been completed [1, 9, 10]. In this
Letter we report about the pure gluonic part which com-
pletes the three-loop corrections to the static potential.
We present our results for the static potential in mo-

mentum space where it takes the form

V (|q⃗ |) =

−
4πCFαs(|q⃗ |)

q⃗ 2

[
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αs(|q⃗ |)
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4π

)3 (

a3 + 8π2C3
A ln

µ2
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)

+ · · ·

]

. (1)

Here, CA = Nc and CF = (N2
c − 1)/(2Nc) are the eigen-

values of the quadratic Casimir operators of the adjoint
and fundamental representations of the SU(Nc) colour
gauge group, respectively, and αs denotes the strong cou-
pling in the MS scheme. The one- and two-loop coeffi-
cients a1 [4, 5] and a2 [6–8, 11] are given in Eq. (4) of
Ref. [1] where also the higher order terms in ϵ, necessary
for the three-loop calculation, are presented. In Eq. (1)
we identify the renormalization scale µ2 and the momen-
tum transfer q⃗ 2. The complete dependence on µ can
easily be restored with the help of Eq. (2) of Ref. [1].
A new feature of the three-loop corrections to V (|q⃗ |)

is the appearance of infrared divergences [12] which is

FIG. 1: Sample diagrams contributing to the static potential
at tree-level, one-, two- and three-loop order. Solid and curly
lines represent quarks and gluons, respectively. In the case of
closed loops the quarks are massless; the external quarks are
heavy and treated in the static limit.

represented by the ln(µ2/q⃗ 2) term in Eq. (1). It has
been evaluated for the first time in Refs. [13, 14] (see also
Ref. [15]); in Eq. (1) we adopt the MS scheme which has
been used in Ref. [14]. Let us mention that the infrared
divergence cancels in physical quantities after including
the contribution where so-called ultrasoft gluons inter-
act with the heavy quark anti-quark bound state. An
explicit result can, e.g., be found in Ref. [14] where the
cancellation has been demonstrated in order to arrive at
the measurable energy levels of the heavy-quark system.
We note in passing that higher order logarithmic contri-
butions to the infrared behaviour of the static potential
have been computed in Refs. [16, 17].

Before presenting our results for a3 let us provide some
technical details. We generate the four-point quark anti-
quark amplitudes with the help of QGRAF [18]. Some sam-
ple diagrams up to three-loop order are shown in Fig. 1.
In a next step they are processed further with q2e and
exp [19, 20] where a mapping to the diagrams of Fig. 2 is
achieved. The mapping to two-point functions is possi-
ble since the only dimenionful quantity in our problem is
given by the momentum transfer between the quark and
the anti-quark. Although there is only one mass scale
in our problem technical complications arise from the
simultaneous presence of static lines (zigzag lines) and
relativistic propagators (solid lines) which significantly
increases the complexity of the reduction to master in-
tegrals. For this task we employ the program package
FIRE [21] in order to achieve a reduction to about 100 ba-
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The potential between two heavy quarks constitutes a
fundamental quantity in Quantum Chromodynamics. It
enters in a variety of physical processes like the thresh-
old production of top quark pairs and the description of
charm and bottom quark bound states. Furthermore, it
is crucial for the understanding of fundamental quantities
of QCD, such as confinement. (See Ref. [2] for a recent
review.)
The idea to describe a bound state of heavy coloured

objects in analogy to the well-established hydrogen atom,
goes back to the middle of the 1970s [3]. Shortly after-
wards, about 30 years ago, one-loop radiative corrections
have been evaluated in the works [4, 5]. It took almost 20
years until the next order became available [6–8] which,
at that time, was a heroic enterprize. The two-loop cor-
rections turned out to be numerically quite important
which triggered several investigations to go beyond. End
of last year the fermionic corrections to the three-loop
static potential have been completed [1, 9, 10]. In this
Letter we report about the pure gluonic part which com-
pletes the three-loop corrections to the static potential.
We present our results for the static potential in mo-

mentum space where it takes the form
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Here, CA = Nc and CF = (N2
c − 1)/(2Nc) are the eigen-

values of the quadratic Casimir operators of the adjoint
and fundamental representations of the SU(Nc) colour
gauge group, respectively, and αs denotes the strong cou-
pling in the MS scheme. The one- and two-loop coeffi-
cients a1 [4, 5] and a2 [6–8, 11] are given in Eq. (4) of
Ref. [1] where also the higher order terms in ϵ, necessary
for the three-loop calculation, are presented. In Eq. (1)
we identify the renormalization scale µ2 and the momen-
tum transfer q⃗ 2. The complete dependence on µ can
easily be restored with the help of Eq. (2) of Ref. [1].
A new feature of the three-loop corrections to V (|q⃗ |)

is the appearance of infrared divergences [12] which is

FIG. 1: Sample diagrams contributing to the static potential
at tree-level, one-, two- and three-loop order. Solid and curly
lines represent quarks and gluons, respectively. In the case of
closed loops the quarks are massless; the external quarks are
heavy and treated in the static limit.

represented by the ln(µ2/q⃗ 2) term in Eq. (1). It has
been evaluated for the first time in Refs. [13, 14] (see also
Ref. [15]); in Eq. (1) we adopt the MS scheme which has
been used in Ref. [14]. Let us mention that the infrared
divergence cancels in physical quantities after including
the contribution where so-called ultrasoft gluons inter-
act with the heavy quark anti-quark bound state. An
explicit result can, e.g., be found in Ref. [14] where the
cancellation has been demonstrated in order to arrive at
the measurable energy levels of the heavy-quark system.
We note in passing that higher order logarithmic contri-
butions to the infrared behaviour of the static potential
have been computed in Refs. [16, 17].

Before presenting our results for a3 let us provide some
technical details. We generate the four-point quark anti-
quark amplitudes with the help of QGRAF [18]. Some sam-
ple diagrams up to three-loop order are shown in Fig. 1.
In a next step they are processed further with q2e and
exp [19, 20] where a mapping to the diagrams of Fig. 2 is
achieved. The mapping to two-point functions is possi-
ble since the only dimenionful quantity in our problem is
given by the momentum transfer between the quark and
the anti-quark. Although there is only one mass scale
in our problem technical complications arise from the
simultaneous presence of static lines (zigzag lines) and
relativistic propagators (solid lines) which significantly
increases the complexity of the reduction to master in-
tegrals. For this task we employ the program package
FIRE [21] in order to achieve a reduction to about 100 ba-
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U is the confining QCD potential  
Conjecture: ‘H’-diagrams generate 
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Pion: Negative term  for J=0 cancels 
positive terms from LFKE and potential
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mq = 0

Quark separation 
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Same slope in n and L!Massless pion in Chiral Limit!

Mass ratio of the ρ and the a1 mesons: coincides with Weinberg sum rules

mq = 0
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We predict the isospin asymmetry well as the branching ratio for the decay B ! K!! within QCD

factorization using new anti–de Sitter/quantum chromodynamics (AdS/QCD) holographic distribution

amplitudes (DAs) for the K! meson. Our prediction for the branching ratio agrees with that obtained using

standard QCD sum-rules (SR) DAs and with experiment. More interestingly, our prediction for the isospin

asymmetry using the AdS/QCD DA does not suffer from the end-point divergence encountered when

using the corresponding SR DA. We predict an isospin asymmetry of 3.2% in agreement with the most

recent average measured value of ð5:2# 2:6Þ% quoted by the Particle Data Group.

DOI: 10.1103/PhysRevD.88.014042 PACS numbers: 12.38.Aw, 11.25.Tq, 14.40.Nd, 13.20.He

I. INTRODUCTION

The rare decay B ! K!! is the dominant mode of
exclusive radiative decays of the B ! V! where V is a
vector meson. It was first observed by the CLEO collabo-
ration in 1993 [1] and since then it has been measured with
increasing precision by the BABAR [2], Belle [3] and
CLEO [4] collaborations. The most recent data for the
branching ratios of the decay B0 ! K!0! and Bþ !
K!þ! are given in Table I. As can be seen, all three
experiments report a slightly higher branching ratio
for B0 ! K!0! and this indicates a nonzero isospin
asymmetry defined as

!0& ¼ "ð #B0 ! #K!0!Þ & "ðB& ! K!0&!Þ
"ð #B0 ! #K!0!Þ þ "ðB& ! K!0&!Þ : (1)

The most recent isospin asymmetry measurements
reported by BABAR and Belle are shown in the last row
of Table I. Note that!0þ ¼ !0& to within 2%, which is the
maximum measured CP asymmetry for this decay.

In general, radiative B decays to vector mesons are of
considerable interest because they proceed via flavor-
changing neutral currents, which are heavily suppressed
in the Standard Model (SM) and are thus sensitive to
enhancement by new physics (NP) [5]. Such exclusive
decays are also relatively clean to investigate experimen-
tally especially in a hadronic environment like the LHC.
On the other hand, the theory of exclusive decays is com-
plicated by their sensitivity to nonperturbative physics.
Nevertheless, it is very important to have reliable SM
predictions for these decays in order to detect any NP
signals.

The standard theoretical framework for computing
exclusive radiative B decays is QCD factorization
(QCDF) [6]. QCDF is the statement that to leading-power
accuracy in the heavy-quark limit, the matrix element of
the effective weak Hamiltonian operators factorizes into
perturbatively calculable kernels and nonperturbative but
universal quantities, namely the B ! V transition form
factor and the leading twist distribution amplitudes (DAs)
of the B and vector mesons. In a standard notation, these
matrix elements are written as [6,7]

hVðP; eTÞ!ðq; "ÞjQij #Bi

¼
!
FB!VTI

i þ
Z 1

0
d#dz$Bð#ÞTII

i ð# ; zÞ$?
V ðzÞ

"
( "

þOð%QCD=mbÞ: (2)

The first term is simply the product of perturbatively
calculable quantities TI

i with the nonperturbative transition
form factor FB!V . The second term is a convolution of the
perturbatively computable kernels TII

i with the nonpertur-
bative DA of the Bmeson,$Bð#Þ, and the DA of the vector
meson, $?

V ðzÞ, where z is the fraction of the meson
light-front momentum carried by the quark. Formally, the
second term is a correction of order %s to the first term.
Traditionally, the form factor and DAs are obtained from
QCD sum rules (SR) or lattice QCD.
To leading-power accuracy in the heavy-quark mass, the

decay amplitude for B ! K!! is given by [6,8]

ALeadingðB!K!!Þ¼GFffiffiffi
2

p V!
csVcba

c
7hK!ðP;eTÞ!ðq;"ÞjQ7j #Bi;

(3)

where at next-to-leading order (NLO) in the strong
coupling, ac7 is given by [6]
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X?ð!hÞ ¼
Z 1

0
dz"?

K$ ðz;!hÞ
!
1þ !z

3!z2

"
; (12)

and

H?ðsc;!hÞ

¼
Z 1

0
dz
!
g?ðvÞ
K$ ðz;!hÞ&

1

4

dg?ðaÞ
K$

dz
ðz;!hÞ

"
Gðsc; !zÞ; (13)

where Gðsc; !zÞ is the penguin function [12]. The first three
integrals F?, G? and X? depend on the twist-2 DAwhile
H? depends on the twist-3 DAs. It turns out that X?ð!Þ
diverges with the standard SR twist-2 DA [12].

This isospin asymmetry was first computed in Ref. [12]
using sum-rules DAs evaluated at a scale !h ¼

ffiffiffi
5

p
GeV.

The diverging integral X? was regulated using a cutoff,
thus introducing an additional uncertainty in the theoretical
prediction. In Ref. [7], the contribution of the divergent
integral was neglected while other contributions beyond
QCDF—namely, long-distance photon emission and gluon
emission from quark loops—were taken into account.

Our goal in this paper is to compute the isospin asym-
metry given by Eq. (8) as well as the branching ratio given
by Eq. (7) using holographic AdS/QCD DAs for the trans-
versely polarized K$ meson. In doing so, we shall show
that the end-point divergence inX? can be avoided and that
we predict an isospin asymmetry that is consistent with
experiment. Moreover, we shall see that our AdS/QCD
prediction for the branching ratio at leading power
accuracy agrees with the sum-rules prediction and with
experiment.

We now turn to the derivation of the holographic AdS/
QCD DAs of the K$ meson. They are obtained using an
AdS/QCD holographic light-front wave function [13] for
the K$ meson. Our derivation is a generalization of our
earlier derivation [11] for the AdS/QCD DAs of the #
meson. We now account for unequal quark masses and
thus for the resulting SU(3) flavor symmetry-breaking
effects.

II. HOLOGRAPHIC ADS/QCD
DISTRIBUTION AMPLITUDES

The AdS/QCD holographic wave function [13,14] for a
ground-state vector meson in which the quark of mass mq

carries a fraction z of the meson light-front momentum
[15] can be written as [16]

"$ðz; %Þ ¼ N $
&ffiffiffiffi
'

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zð1& zÞ

p
exp

!
&&2%2

2

"

' exp
!
&ð1& zÞm2

q þ zm2
!q

2&2zð1& zÞ

"
; (14)

where % ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zð1& zÞ

p
r with r being the transverse separa-

tion between the quark and antiquark. This wave function is
obtained by solving the AdS/QCD holographic light-front

Schroedinger equation [13] for mesons where the interact-
ing potential in four-dimensional physical spacetime is
determined by the dilaton background field that breaks
conformal invariance in five-dimensional AdS space.
Theoretical and phenomenological considerations constrain
the form of the dilaton field to be quadratic [17]. In that
case, the parameter & is fixed by the meson mass: & ¼
MV=

ffiffiffi
2

p
. Note that we allow the normalization constant

N $ to depend on the polarization $ ¼ L, T of the vector
meson [18]. For the K$ vector meson, MV ¼ MK$ , q ¼ s
and !q ¼ !u or !d.
The AdS/QCD wave function of the K$ vector meson

can thus be written as

"$
K$ ðz; %Þ ¼ N $

&ffiffiffiffi
'

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zð1& zÞ

p
exp

!
&&2%2

2

"

' exp
$
&
%m2

s & zðm2
s &m2

!qÞ
2&2zð1& zÞ

&'
; (15)

with & ¼ 0:63 GeV and where we have made explicit the
SU(3) flavor symmetry-breaking correction proportional to
(m2

s &m2
!q) in the last exponential.

The meson light-front wave functions can be written
in terms of the AdS/QCD wave function. In momentum
space [19]

"K$;$
h; !h

ðz;kÞ ¼
ffiffiffiffiffiffiffi
Nc

4'

s
SK

$;$
h; !h

ðz;kÞ"$
K$ ðz;kÞ; (16)

where

SK
$;$

h; !h
ðz;kÞ ¼ !uhðzPþ;&kÞffiffiffi

z
p e$:(

v !hðð1& zÞPþ;kÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1& zÞ

p ; (17)

and "$
K$ ðz;kÞ is the two-dimensional Fourier transform of

the AdS/QCD wave function given by Eq. (14). Note that
in Eq. (17), h is the helicity of quark and !h is the helicity of
the antiquark. The normalization N $ of the AdS/QCD
wave function is fixed by imposing that [18,20]

X

h; !h

Z d2k

ð2'Þ2 j"
K$;$
h; !h

ðz;kÞj2 ¼ 1: (18)

Choosing the longitudinal and transverse polarization
vectors as

eL ¼
!
Pþ

MK$
;&MK$

Pþ ; 0?

"
and eT ¼ 1ffiffiffi

2
p ð0; 0; 1;(iÞ;

(19)

where Pþ is the ‘‘plus’’ component of the four-momentum
of the K$ meson given by

P! ¼
!
Pþ;

M2
K$

Pþ ; 0?

"
(20)

and using the light-front spinors of Ref. [21], we find that
the spinor wave functions are given by
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We predict the isospin asymmetry well as the branching ratio for the decay B ! K!! within QCD

factorization using new anti–de Sitter/quantum chromodynamics (AdS/QCD) holographic distribution

amplitudes (DAs) for the K! meson. Our prediction for the branching ratio agrees with that obtained using

standard QCD sum-rules (SR) DAs and with experiment. More interestingly, our prediction for the isospin

asymmetry using the AdS/QCD DA does not suffer from the end-point divergence encountered when

using the corresponding SR DA. We predict an isospin asymmetry of 3.2% in agreement with the most

recent average measured value of ð5:2# 2:6Þ% quoted by the Particle Data Group.
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I. INTRODUCTION

The rare decay B ! K!! is the dominant mode of
exclusive radiative decays of the B ! V! where V is a
vector meson. It was first observed by the CLEO collabo-
ration in 1993 [1] and since then it has been measured with
increasing precision by the BABAR [2], Belle [3] and
CLEO [4] collaborations. The most recent data for the
branching ratios of the decay B0 ! K!0! and Bþ !
K!þ! are given in Table I. As can be seen, all three
experiments report a slightly higher branching ratio
for B0 ! K!0! and this indicates a nonzero isospin
asymmetry defined as

!0& ¼ "ð #B0 ! #K!0!Þ & "ðB& ! K!0&!Þ
"ð #B0 ! #K!0!Þ þ "ðB& ! K!0&!Þ : (1)

The most recent isospin asymmetry measurements
reported by BABAR and Belle are shown in the last row
of Table I. Note that!0þ ¼ !0& to within 2%, which is the
maximum measured CP asymmetry for this decay.

In general, radiative B decays to vector mesons are of
considerable interest because they proceed via flavor-
changing neutral currents, which are heavily suppressed
in the Standard Model (SM) and are thus sensitive to
enhancement by new physics (NP) [5]. Such exclusive
decays are also relatively clean to investigate experimen-
tally especially in a hadronic environment like the LHC.
On the other hand, the theory of exclusive decays is com-
plicated by their sensitivity to nonperturbative physics.
Nevertheless, it is very important to have reliable SM
predictions for these decays in order to detect any NP
signals.

The standard theoretical framework for computing
exclusive radiative B decays is QCD factorization
(QCDF) [6]. QCDF is the statement that to leading-power
accuracy in the heavy-quark limit, the matrix element of
the effective weak Hamiltonian operators factorizes into
perturbatively calculable kernels and nonperturbative but
universal quantities, namely the B ! V transition form
factor and the leading twist distribution amplitudes (DAs)
of the B and vector mesons. In a standard notation, these
matrix elements are written as [6,7]

hVðP; eTÞ!ðq; "ÞjQij #Bi

¼
!
FB!VTI

i þ
Z 1

0
d#dz$Bð#ÞTII

i ð# ; zÞ$?
V ðzÞ

"
( "

þOð%QCD=mbÞ: (2)

The first term is simply the product of perturbatively
calculable quantities TI

i with the nonperturbative transition
form factor FB!V . The second term is a convolution of the
perturbatively computable kernels TII

i with the nonpertur-
bative DA of the Bmeson,$Bð#Þ, and the DA of the vector
meson, $?

V ðzÞ, where z is the fraction of the meson
light-front momentum carried by the quark. Formally, the
second term is a correction of order %s to the first term.
Traditionally, the form factor and DAs are obtained from
QCD sum rules (SR) or lattice QCD.
To leading-power accuracy in the heavy-quark mass, the

decay amplitude for B ! K!! is given by [6,8]

ALeadingðB!K!!Þ¼GFffiffiffi
2

p V!
csVcba

c
7hK!ðP;eTÞ!ðq;"ÞjQ7j #Bi;

(3)

where at next-to-leading order (NLO) in the strong
coupling, ac7 is given by [6]
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HQCD
LF |ψ >=M2|ψ >

Dirac’s Front Form: Fixed τ = t+ z/c

Bound States in Relativistic Quantum Field Theory: 
Light-Front Wavefunctions

xi =
k+
i

P+

0 < xi < 1

n�

i=1
xi = 1

Remarkable new insights from AdS/CFT,the duality 
between conformal field theory  and Anti-de Sitter Space 

Invariant under boosts.   Independent of Pμ

Direct connection to QCD Lagrangian

 (xi,
~

k?i,�i)
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1 The Holographic Correspondence

• In the “ semi-classical” approximation to QCD with massless quarks and no quantum loops the �

function is zero, and the approximate theory is scale and conformal invariant.

• Isomorphism of SO(4, 2) of conformal QCD with the group of isometries of AdS space

ds2 =
R2

z2
(⇥µ⇥dxµdx⇥ � dz2).

• Semi-classical correspondence as a first approximation to QCD (strongly coupled at all scales).

• xµ ⇤ ⇤xµ, z ⇤ ⇤z, maps scale transformations into the holographic coordinate z.

• Different values of z correspond to different scales at which the hadron is examined: AdS boundary at

z ⇤ 0 corresponds to the Q⇤⌅, UV zero separation limit.

• There is a maximum separation of quarks and a maximum value of z at the IR boundary

• Truncated AdS/CFT (Hard-Wall) model: cut-off at z0 = 1/�QCD breaks conformal invariance and

allows the introduction of the QCD scale (Hard-Wall Model) Polchinski and Strassler (2001).

• Smooth cutoff: introduction of a background dilaton field ⌅(z) – usual linear Regge dependence can

be obtained (Soft-Wall Model) Karch, Katz, Son and Stephanov (2006).

Changes in 
physical

length scale 
mapped to 

evolution in the 
5th dimension z 
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AdS/QCD G. F. de Téramond

Scale Transformations

• Isomorphism of SO(4, 2) of conformal QCD with the group of isometries of AdS space

SO(1, 5)

ds2 =
R2

z2
(�µ⇥dxµdx⇥ � dz2),

xµ ⇤ ⇥xµ, z ⇤ ⇥z, maps scale transformations into the holographic coordinate z.

• AdS mode in z is the extension of the hadron wf into the fifth dimension.

• Different values of z correspond to different scales at which the hadron is examined.

x2 ⇤ ⇥2x2, z ⇤ ⇥z.

x2 = xµxµ: invariant separation between quarks

• The AdS boundary at z ⇤ 0 correspond to theQ⇤⌅, UV zero separation limit.

Caltech High Energy Seminar, Feb 6, 2006 Page 11

invariant measure

AdS/CFT
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AdS/QCD G. F. de Téramond

• Pseudoscalar mesons: O3+L = ⇤⇥5D{�1 . . . D�m}⇤ (⇥µ = 0 gauge).

• 4-d mass spectrum from boundary conditions on the normalizable string modes at z = z0,

⇥(x, zo) = 0, given by the zeros of Bessel functions ��,k: M�,k = ��,k�QCD.

• Normalizable AdS modes �(z)

10 2 3 4

1

2

0

3

4

5

z

Φ(z)

2-2006
8721A7

10 2 3 4

-2

0

2

4

z

Φ(z)

3-2006
8721A13

Fig: Meson orbital and radial AdS modes for �QCD = 0.32 GeV.

Caltech High Energy Seminar, Feb 6, 2006 Page 19

Confinement in 
the 5th 

dimension

z0 = 1
⇥QCD

z�

�: conformal dimension of meson

P+ = P0 + Pz

Fixed � = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

de Teramond, sjb

• Near the boundary of AdSd+1 space z ⇤ 0:

⇥(x, z) ⇤ z�⇥+(x) + zd��⇥�(x).

• ⇥�(x) is the boundary limit of non-normalizable mode (source): ⇥� = ⇥0

• ⇥+(x) is the boundary limit of the normalizable mode (physical states)

• Using the equations of motion AdS action reduces to a UV surface term

Seff =
Rd�1

4
lim
z⇤0

�
ddx

1
zd�1

⇥⌅z⇥,

• Seff is identified with the boundary functional WCFT

⌥O�⇥0
=

�WCFT

�⇥0
=

�Se⇤

�⇥0
⇥ ⇥+(x),

Balasubramanian et. al. (1998), Klebanov and Witten (1999).

• Physical AdS modes ⇥P (x, z) ⇥ e�iP ·x ⇥(z) are plane waves along the Poincaré coordinates with

four-momentum Pµ and hadronic invariant mass states PµPµ = M2.

• For small-z ⇥(z) ⇥ z�. The scaling dimension � of a normalizable string mode, is the same
dimension of the interpolating operatorO which creates a hadron out of the vacuum: ⌥P |O|0� ⌅= 0.

z�

�: conformal dimension of meson

P+ = P0 + Pz

Fixed ⇥ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇤(�, b�)

Twist dimension  
of meson

Identify hadron by its interpolating operator at z   --> 0

� = 2 + L

equivalent to 
dimensions of chiral 

superfields

Hard Wall
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•Soft-wall dilaton profile breaks 
conformal invariance	



•Color Confinement	



•Introduces confinement scale	



•Uses AdS5 as template for conformal 
theory

e'(z) = e+2z2

Dilaton-Modified AdS/QCD
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• Nonconformal metric dual to a confining gauge theory

ds2 =
R2

z2
e⇤(z)

�
�µ⇥dxµdx⇥ � dz2

⇥

where ⇤(z) ⇧ 0 at small z for geometries which are

asymptotically AdS5

• Gravitational potential energy for object of mass m

V = mc2�g00 = mc2R
e⇤(z)/2

z

• Consider warp factor exp(±⇥2z2)

• Plus solution: V (z) increases exponentially confining

any object in modified AdS metrics to distances ⌃z⌥ ⌅ 1/⇥

KITPC, Beijing, October 19, 2010 Page 9

Klebanov and Maldacena 

Introduce  “Dilaton" to simulate confinement analytically

e'(z) = e+2z
Positive-sign dilaton • de Teramond, sjb



AdS Soft-Wall Schrodinger Equation for  
bound state  of  two scalar constituents:

Derived from variation of Action for Dilaton-Modified 
AdS5 

Identical to Light-Front Bound State Equation! 

U(z) = �4z2 + 2�2(L + S � 1)

• Dosch, de Teramond, sjbPositive-sign dilaton

⇥
� d2

dz2
� 1� 4L2

4z2
+ U(z)

⇤
�(z) =M2�(z)

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

e'(z) = e+2z2
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Dual QCD Light-Front Wave Equation z ⌃ �, �P (z)⌃ |⇧(P )�
[GdT and S. J. Brodsky, PRL 102, 081601 (2009)]

• Upon substitution z⇧� and ⌅J(�) ⌅ ��3/2+Je�(z)/2 �J(�) in AdS WE
⇤
�zd�1�2J

e�(z)
�z

�
e�(z)

zd�1�2J
�z

⇥
+

�
µR

z

⇥2
⌅

�J(z) = M2�J(z)

find LFWE (d = 4)
�
� d2

d�2
� 1� 4L2

4�2
+ U(�)

⇥
⌅J(�) = M2⌅J(�)

with

U(�) =
1
2
⌃⇥⇥(z) +

1
4
⌃⇥(z)2 +

2J � 3
2z

⌃⇥(z)

and (µR)2 = �(2� J)2 + L2

• AdS Breitenlohner-Freedman bound (µR)2 ⇤ �4 equivalent to LF QM stability condition L2 ⇤ 0

• Scaling dimension ⇤ of AdS mode �̂J is ⇤ = 2 + L in agreement with twist scaling dimension of a

two parton bound state in QCD and determined by QM stability condition

LC 2011 2011, Dallas, May 23, 2011 Page 10

e'(z)

G. de Teramond and sjb, PRL 102 081601 (2009)

General dilaton profile

U(⇣) =
1
2
�00(⇣) +

1
4
�0(⇣)2 +

2J � 3
2⇣

�0(⇣)
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• Obtain spin-J mode �µ1···µJ with all indices along 3+1 coordinates from � by shifting dimensions

�J(z) =
⇧ z

R

⌃�J
�(z)

• Substituting in the AdS scalar wave equation for �
⇤
z2⇧2

z �
�
3�2J � 2⇥2z2

⇥
z ⇧z + z2M2� (µR)2

⌅
�J = 0

• Upon substitution z⌅�

⌅J(�)⇤��3/2+Je⇥2�2/2 �J(�)

we find the LF wave equation

⌥
� d2

d�2
� 1� 4L2

4�2
+ ⇥4�2 + 2⇥2(L + S � 1)

�
⌅µ1···µJ =M2⌅µ1···µJ

with (µR)2 = �(2� J)2 + L2

Hadron 2009, FSU, Tallahassee, December 1, 2009 Page 18

General-Spin Hadrons
de Teramond, Dosch, sjb

e'(z) = e+2z2



⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

(x(1� x)|b⇤|

z

z�

z0 = 1
⇥QCD

�d⇥ np

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤
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Light-Front Holography: Unique mapping derived from equality of LF 
and AdS  formula for EM and gravitational current matrix elements 

and identical equations of motion

⇤(x, �) =
�

x(1� x)��1/2⇥(�)

de Teramond, sjb

(µR)2 = L2 � (J � 2)2

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u



HQED

Coupled Fock states

Effective two-particle equation

 Azimuthal  Basis

Confining AdS/QCD  
potential!  

HLF
QCD

(H0
LF + HI

LF )|� >= M2|� >

[
�k2
� + m2

x(1� x)
+ V LF

e� ] �LF (x,�k�) = M2 �LF (x,�k�)

�,⇥

Semiclassical first approximation to QCD  

4

U(⇣) = 4⇣2 + 22(L + S � 1)

Light-Front QCD

Eliminate higher Fock states 
(retarded interactions)

AdS/QCD:

�2 = x(1� x)b2
�

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)
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� =
�
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x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥
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d lnQ2 < 0

u

Sums an infinite # diagrams
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S = 0 S = 0

Soft Wall 
Model

Pion mass  
automatically zero!

mq = 0

Quark separation 
increases with L

Pion has 
zero mass!

Same slope in n and L!
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Uniqueness of Dilaton

pion is massless in chiral limit iff 
p=2!

p

m2
⇡/2

'p(z) = pzp

e'(z) = e+2z2

• Dosch, de Teramond, sjb
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• Soft-wall dilaton profile breaks conformal 
invariance	



• Color Confinement, mass gap	



• Introduces single confinement scale	



• Uses AdS5 as template for conformal theory

e'(z) = e+2z2

Dilaton-Modified AdS5

Positive-sign dilaton
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Nearly Conformal QCD and AdS/CFT G. F. de Téramond, UCR

• Propagation of external perturbation suppressed inside AdS.

• At large enoughQ ⇤ r/R2, the interaction occurs in the large-r conformal region. Important

contribution to the FF integral from the boundary near z ⇤ 1/Q.

J(Q, z), �(z)

1 2 3 4 5

0.2

0.4

0.6

0.8

1

z

• Consider a specific AdS mode ⇥(n) dual to an n partonic Fock state |n⇧. At small z, ⇥(n)

scales as ⇥(n) ⇤ z�n . Thus:

F (Q2) ⌅
�

1
Q2

⇥��1

,

where ⇥ = �n � �n, �n =
⇤n

i=1 �i. The twist is equal to the number of partons, ⇥ = n.

Quark-Hadron Duality, Frascati, 6-8 June 2005 Page 22

Dimensional Quark Counting Rules:!
General result from !

AdS/CFT and Conformal Invariance

Hadron Form Factors from AdS/QCD 

Polchinski, Strassler 
de Teramond, sjb

J(Q, z) = zQK1(zQ)

�s(Q2)

⇥(Q2) = d�s(Q2)
d logQ2 � 0

�(Q2)� �
15⇤

Q2

m2

Q2 << 4m2

A

J(Q, z) �(z)

high Q2

D(z) ⇥ (1� z)2Nspect�1

zD(z) = F (x = 1/z)

zD(z)c⇤pX = Fp⇤cX(x = 1/z)

zi ⌅ m⇧i =
⇥

m2
i + k2

⇧

X = cūd̄ū

F (Q2)I⇤F =
� dz

z3�F (z)J(Q, z)�I(z)

High Q2 

from 


small z  ~ 1/Q

Twist ⌧ = n + L



x,

~

k? x,

~

k? + ~q?

 (xi,
~

k

0
?i) (xi,

~

k?i)
p

�⇤

~

k

0
?i = ~

k?i + (1� xi)~q?struck
~

k

0
?i = ~

k?i � xi~q?spectators

< p + q|j+(0)|p >= 2p+F (q2)

p + q

~q?q+ = 0

q2
? = Q2 = �q2

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Form Factors are 
Overlaps of LFWFs

Interaction  
picture

Drell &Yan, West 
Exact LF formula!

Soper: DYW: Product of LFWFs in transverse space 



Holographic Mapping of AdS Modes to QCD LFWFs

• Integrate Soper formula over angles:

F (q2) = 2⇥

⇧ 1

0
dx

(1� x)
x

⇧
�d�J0

⇥
�q

⌥
1� x

x

⇤
⇤̃(x, �),

with ⌃⇤(x, �) QCD effective transverse charge density.

• Transversality variable

� =
⌥

x

1� x

���
n�1⌅

j=1

xjb⇥j

���.

• Compare AdS and QCD expressions of FFs for arbitrary Q using identity:

⇧ 1

0
dxJ0

⇥
�Q

⌥
1� x

x

⇤
= �QK1(�Q),

the solution for J(Q, �) = �QK1(�Q) !
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⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

Drell-Yan-West: Form Factors are 
Convolution of LFWFs

Identical to Polchinski-Strassler Convolution of AdS Amplitudes

de Teramond, sjb
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Light-Front Holography: Unique mapping derived from equality of LF 
and AdS  formula for EM and gravitational current matrix elements 

and identical equations of motion

⇤(x, �) =
�

x(1� x)��1/2⇥(�)

de Teramond, sjb

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u
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F.-G. Cao,  
G. de Teramond,  

sjb

Photon-to-pion transition form factor

qq̄ components.

The simple valence qq̄ model discussed above should thus be modified at small Q2

by introducing the dressed current. In the case of soft-wall potential, the EM bulk-to-

boundary propagator is

V (Q2, z) = �

⇤
1 +

Q2

4�2

⌅
U

⇤
Q2

4�2
, 0, �2z2

⌅
, (17)

where U(a, b, c) is the Tricomi confluent hypergeometric function. The modified current

V (Q2, z), (17), has the same boundary conditions as the free current (9), and reduces to

(9) in the limit Q2 ⇥ ⇤. Eq. (17) can be conveniently written in terms of the integral

representation [33]

V (Q2, z) = �2z2

⇧ 1

0

dx

(1� x)2
x

Q2

4�2 e�⇥2z2x/(1�x). (18)

Inserting the pion wave function (5) for twist ⇤ = 2 and the confined EM current (18)

in the amplitude (3) one finds

F⇤�(Q
2) =

Pqq̄

⇥2f⇤

⇧ 1

0

dx

(1 + x)2
xQ2Pqq̄/(8⇤2f2

⇥). (19)

Eq. (19) gives the same value for F⇤�(0) as (14) which was obtained with the free current.

Thus the anomaly result F⇤�(0) = 1/(4⇥2f⇤) is reproduced if Pqq̄ = 0.5 is also taken in

(19). Upon integration by parts, Eq. (19) can also be written as

Q2F⇤�(Q
2) = 8f⇤

⇧ 1

0

dx
1� x

(1 + x)3

�
1� xQ2Pqq̄/(8⇤2f2

⇥)
⇥

. (20)

Noticing that the second term in Eq. (20) vanishes at the limit Q2 ⇥ ⇤, one recovers

Brodsky-Lepage’s asymptotic prediction for the pion TFF: Q2F⇤�(Q2 ⇥⇤) = 2f⇤. [11]

The results calculated with (19) for Pqq̄ = 0.5 are shown as dashed curves in Figs. 1

and 2. One can see that the calculations with the dressed current are larger as compared

with the results computed with the free current and the experimental data at low- and

medium-Q2 regions (Q2 < 10 GeV2). The new results again disagree with BABAR’s data

at large Q2.

11

Lepage, sjb
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Current Matrix Elements in AdS Space (SW)

• Propagation of external current inside AdS space described by the AdS wave equation
⇤
z2⇧2

z � z
�
1 + 2�2z2

⇥
⇧z �Q2z2

⌅
J�(Q, z) = 0.

• Solution bulk-to-boundary propagator

J�(Q, z) = �
⇧

1 +
Q2

4�2

⌃
U

⇧
Q2

4�2
, 0, �2z2

⌃
,

where U(a, b, c) is the confluent hypergeometric function

�(a)U(a, b, z) =
⌥ ⇥

0
e�ztta�1(1 + t)b�a�1dt.

• Form factor in presence of the dilaton background ⇥ = �2z2

F (Q2) = R3
⌥

dz

z3
e��2z2

⇥(z)J�(Q, z)⇥(z).

• For large Q2 ⇤ 4�2

J�(Q, z)⌅ zQK1(zQ) = J(Q, z),

the external current decouples from the dilaton field.

Exploring QCD, Cambridge, August 20-24, 2007 Page 34
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Dressed soft-wall current brings in higher 
Fock states and more vector meson poles
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G. de Teramond & sjb

Timelike Pion Form Factor from AdS/QCD  
          and Light-Front Holography

s(GeV2)

F⇡(s) = (1� �) 1
(1� s
M2

⇢
) + � 1

(1� s
M2

⇢
)(1� s

M2
⇢0

)(1� s
M2
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)

Prescription for 
Timelike poles :

1
s�M2 + i

p
s�

log |F⇡(s)|
� = 0.17

M2
⇢n

= 42(1/2 + n)

Frascati data 14% four-quark 
 probability
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⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

(x(1� x)|b⇤|

z

z�

z0 = 1
⇥QCD

�d⇥ np

General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R�+ b�i) =  R�

xi
 R�+ b�i

�n
i
 b�i =  0�

�n
i xi = 1

0.20.40.60.8
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1.4
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0.05
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5

�(x, k�)(GeV)

�(x, k�)

• Light Front Wavefunctions:                                   

AdS5:  Conformal Template for QCD

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Duality of AdS5 with LF 
Hamiltonian Theory

•Light-Front Holography

Light-Front Schrödinger Equation
Spectroscopy and Dynamics





Light-Front Holography  

AdS/QCD 
Soft-Wall  Model 

⇥
� d2

d⇣2
+

1� 4L2

4⇣2
+ U(⇣)

⇤
 (⇣) =M2 (⇣)

!
Conformal Symmetry 

of the action  

U(⇣) = 4⇣2 + 22(L + S � 1)
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Confinement scale:   

Light-Front Schrödinger Equation

�
� d2

d2�
+ V (�)

⇥
=M2⇥(�)

�
� d2

d�2 + V (�)
⇥
=M2⇥(�)

�2 = x(1� x)b2
⇥.

Jz = Sz
p =

⇤n
i=1 Sz

i +
⇤n�1

i=1 ⌥z
i = 1

2

each Fock State

Jz
p = Sz

q + Sz
g + Lz

q + Lz
g = 1

2

Unique $
Confinement Potential!

!
de Tèramond, Dosch, sjb

 ' 0.6 GeV

1/ ' 1/3 fm

• de Alfaro, Fubini, Furlan: Scale can appear in Hamiltonian and EQM 	


without affecting conformal invariance of action!

(mq=0)

Single scheme-
independent fundamental 

mass scale 


