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Motivation: the QCD phase diagram (so far)
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The model

I Start from the usual Nf = 2 NJL Lagrangian

L = ψ̄
(
iγµ∂µ − m̂

)
ψ + Gs

((
ψ̄ψ
)2

+
(
ψ̄iγ5τ aψ

)2
)

I Mean-field approximation
I Allow for spatially inhomogeneous condensates

〈ψ̄ψ〉 = S(x)

〈ψ̄iγ5τ aψ〉 = Pa(x)
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Eigenvalue problem

I Thermodynamic potential

Ω(T ,µ; S(x), P(x)) = −T
V

ln
∫
Dψ̄Dψ exp

(∫
x∈[0, 1

T ]×V
(LMF + µψ̄γ0ψ)

)
=

−TNc

V

∑
n

TrD,f ,V Log
(

1
T

(
iωn + H̃MF − µ

))
+

Gs

V

∫
V

(
S(x)2 + P(x)2)

I Problem: finding the eigenvalues of

H̃MF = −iγ0γ i∂i + γ0 (m − 2GsS(x)− 2iGsγ
5τ 3P(x)

)
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One-dimensional modulations

I 1D spatial modulations: analytical results from Gross-Neveu model

(M.Thies et al., Annals Phys. 314 (2004) 425-447, arXiv:hep-th/0402014)

M(z) = ∆ν sn(∆z|ν)

-10 -5 5 10

-1.0

-0.5

0.5

1.0

5 10 15 20 25 30 35

-1.0

-0.5

0.5

1.0

5 10 15 20 25 30 35

-1.0

-0.5

0.5

1.0

I Eigenvalue spectrum well known
I Analytical expression for the Thermodynamic potential
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Results: NJL (chiral limit)
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I Homogeneous:
I First order phase transition
I Critical point

18.03.2010 | Stefano Carignano | 6



Results: NJL (chiral limit)
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I Inhomogeneous:
I Inhomogeneous region delimited

by 2nd order transition lines
I First order transition line completely

covered by inhomogeneous region
I Critical point→ Lifschitz point

(D. Nickel, Phys.Rev.D80 074025, 2009 - arXiv:0906.5295)
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Density (T=0)

µ = 307 MeV µ = 308 MeV µ = 342 MeV
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Vector interactions

L = ψ̄
(
iγµ∂µ − m̂

)
ψ + Gs

((
ψ̄ψ
)2

+
(
ψ̄iγ5τ aψ

)2
)
− GV(ψ̄γµψ)2

I The usual prescription: introduce µ̃

Ω(T ,µ)→ Ω(T , µ̃)− (µ− µ̃)2

4GV

I determine µ̃ by
δΩ

δµ̃
= 0

I The problem: µ̃ is tied to the density n

µ̃ = µ− 2GVNcn

I Sacrifice complete self-consistency: pick µ̃ ≡ 〈µ̃〉z instead of µ̃(z)
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Results: Vector interactions (Chiral limit)
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I Stretch towards higher µ

I Critical point moves towards
lower T, higher µ
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Results: Vector interactions (Chiral limit)
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I Stretch towards higher µ

I Lifschitz point moves only in µ

I Lifschitz and critical points split
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Chiral spiral

I Chiral Spiral: M(z) = ∆eiqz

I Density n(z) = const.
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PNJL

L = ψ̄
(
iγµDµ − m̂

)
ψ + Gs

((
ψ̄ψ
)2

+
(
ψ̄iγ5τ aψ

)2
)
− U (L, L̄)
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I Assumption: homogeneous `, ¯̀

I Stretch towards higher T
I Quark DOF are suppressed
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Conclusions

I Self-consistent lower-dimensional spatial modulations can be studied by
relying on analytical results from the Gross-Neveu model

I Inhomogeneous 1D phases are favored in a region of the QCD phase diagram

I Soliton onset delimited by 2nd order phase transition

I Inclusion of the Polyakov loop→ shift to higher T
I Inclusion of vector interactions→ shift to higher µ

→ split of critical point / Lifschitz point
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Outlook

I Some possible next steps:

I Higher-dimensional modulations
I Self-consistent analysis for the vector interactions
I Inhomogeneous Polyakov loop
I Three flavors
I ....
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Backup slides
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Eigenvalue problem

I Thermodynamic potential

Ω(T ,µ; S(x), P(x)) = −T
V

ln
∫
Dψ̄Dψ exp

(∫
x∈[0, 1

T ]×V
(LMF + µψ̄γ0ψ)

)
=

−TNc

V

∑
n

TrD,f ,V Log
(

1
T

(
iωn + H̃MF − µ

))
+

Gs

V

∫
V

(
S(x)2 + P(x)2)

I Problem: finding the eigenvalues of

H̃MF = −iγ0γ i∂i + γ0 (m − 2GsS(x)− 2iGsγ
5τ 3P(x)

)
M(x) = m − 2Gs(S(x) + iP(x))
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Lower-dimensional modulations

I Restrict to lower-dimensional spatial modulations
I [H, P⊥] = 0→ Full spectrum from lower-dimensional eigenvalues λ
I Boost along the transverse directions:

(λ, 0)→ (
√

p2
⊥ + λ2, p⊥)

Ω(T ,µ; M(x)) = −2TNc

V‖

∑
λ

∫
dp⊥

(2π)d⊥
ln

(
2 cosh

(
λ
√

1 + p2
⊥/λ

2 − µ
2T

))

+
1
V

∫
V

|M(x)−m|2

4Gs
+ const.

(D. Nickel, Phys.Rev.D80 074025, 2009 - arXiv:0906.5295)
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1D modulations

I Restrict to one-dimensional modulations

M(x)→ M(z)

I The Hamiltonian becomes

H̃MF → H ′MF ;1D =
(

H1D(M(z))
H1D(M(z)∗)

)

H1D(M(z)) =
(
−i∂z M(z)
M(z)∗ i∂z

)
Gross-Neveu Hamiltonian
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Gross-Neveu

I One of the simplest interacting fermionic field theories
I Defined in 1+1 dimensions

LGN = ψ̄iγµ∂µψ +
1
2

g2(ψ̄ψ)2

I Hartree-Fock→ recover SUSY QM-like equation
I Real self-consistent solutions of the form

M(z) = ∆

(
ν sn(b|ν)sn(∆z|ν)sn(∆z + b|ν) +

cn(b|ν)dn(b|ν)
sn(b|ν)

)
I Eigenvalue spectrum well known

(M.Thies et al., Annals Phys. 314 (2004) 425-447, arXiv:hep-th/0402014)

18.03.2010 | Stefano Carignano | 18



Elliptic functions: sn(z|ν), cn(z|ν), dn(z|ν)
ν ∈ [0, 1]

5 10 15 20 25

-1.0

-0.5

0.5

1.0
Ν=0.999

2 4 6 8 10 12 14

-1.0

-0.5

0.5

1.0
Ν=0.9

2 4 6 8 10 12 14

-1.0

-0.5

0.5

1.0
Ν=0.1

Period ∝ K(ν):

0.2 0.4 0.6 0.8 1.0

2.0

2.5

3.0

K@ΝD

18.03.2010 | Stefano Carignano | 19



Thermodynamic potential

ΩNJL
MF (T ,µ;∆, ν, δ) = −2Nc

∫ ∞
0

dE ρ̃(E ; ν,∆)f̃bare

(√
E2 + δ∆2

)
+

1
4GsP

∫ P

0
dz |M(z)−m|2 + C

f̃bare(x) = f̃UV(x) + f̃medium(x)

f̃UV(x) = x

f̃medium(x) = T ln
(

1 + exp
(
−x − µ

T

))
+ T ln

(
1 + exp

(
−x + µ

T

))

f̃UV(x)→ f̃PV(x) =
3∑

j=0

cj

√
x2 + jΛ2 (c0 = 1, c1 = −3, c2 = 3, c3 = −1)
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Massive quarks

 10

 20

 30

 40

 50

 60

 70

 260  270  280  290  300  310  320  330  340  350

T
 (

M
eV

)

µ (MeV)

Chiral
Massive

I Inhomogeneous region shrinks
I Crossover above the Lifschitz point
I No dramatic change of the picture
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T vs Density phase diagram
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