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1. Black holes in anti-de Sitter space
1.1. From dyonic black holes to black three-branes

The duality revolution of the mid-1990’s hinged in no small part on generalizations
of the Reissner-Nordstrom black hole.
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Many lovely properties:

• Mass-charge inequality,

M ≥ 8π
κ

√
Q2

E+Q2
B

2
.

• No-force condition at extremality
between identical RN BH’s: electrostatic
/ magnetostatic repulsion balances
gravitational attraction.

• Near-horizon geometry of extremal
solution is AdS2 × S2.

S
2

AdS2

charged
black hole

E

To get AdS2 × S2, set rH = 0 and “drop the 1” from H (i.e. take r � L):

ds2 = − r
2

L2
dt2 +

L2

r2
dr2 + L2(dθ2 + sin2 θ dφ2) . (5)
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Type IIB string theory in ten dimensions has a close analog: the black three-brane.

Part of the IIB equations of motion read:

RMN =
κ2

6
FMP1P2P3P4

FN
P1P2P3P4

dF(5) = 0 F(5) = ∗F(5) .
(6)

The black three-brane is

ds2 =
1√
H

(−hdt2 + d~x2
)

+
√
H

(
dr2

h
+ r2dΩ2

5

)

F(5) =
Q

H2r5
dt ∧ d3x ∧ dr

︸ ︷︷ ︸
electric

+ (Hodge dual)︸ ︷︷ ︸
magnetic

(7)

where

H = 1 +
L4

r4

h = 1− r4
H

r4

Q =
L4

κ
if rH = 0 .

(8)
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Polchinski’s picture of D-branes, at small gstr, is that they are 3 + 1-dimensional
planes on which strings can end. He showed that such planes generate F(5).

t

extra
dimensions

D3

D3

D3

weak coupling

AΜGB
x1 ,x

2 ,x3

If N D3-branes are on top of one another, the surrounding geometry must be the
black three-brane with

L8

κ2
=
N 2

4π5
. (9)

This also implies
L4

α′2
= 4πgstrN = g2

YMN . (10)

To use the black three-brane metric reliably, we need N � 1 (suppressing graviton
loops) and g2

YMN � 1 (suppressing stringy corrections).
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1.2. AdS/CFT

The viewpoint of AdS/CFT is that the black three-brane describes the same object
as N coincident D3-branes, so there must be a direct equivalence of the physics.

More precisely, the equivalence should be between the near-horizon limit of the
black three-brane (AdS5 × S5) and the field theory limit of open strings on D3-
branes (N = 4 super-Yang-Mills theory) [Maldacena, hep-th/9711200].

AdS

radius

5

5

D3−branes

and strings

S

D3-branes at weak coupling,
viewed end-on

D3-branes at strong coupling are
replaced by AdS5 × S5 geometry.
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“Drop the 1” in H to get AdS5-Schwarzschild× S5:

ds2 =
r2

L2

(−hdt2 + d~x2
)

+
L2

r2

dr2

h
+ L2dΩ2

5 . (11)

The entropy and
temperature provide a
first check:

S =
V3

4G5

r3
H

L3

T =
rH
πL2

,
(12)

so we see [Gubser,
Klebanov, and Peet,
hep-th/9602135]

S =
π2

2
V3N

2T 3

=
3

4
Sfree SYM ,

(13)

t,x

asymptotically flat 10 dimensions

z

horizon

D3

5

D3
D3

AdS  − Schwarzschild

which makes sense because black hole methods
work at large g2

YMN and the free particle counting of
entropy is for g2

YMN → 0.
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A related statement is that the onshell action of supergravity in AdS5 generates
the connected correlators of the dual gauge theory, at leading order in large N and
g2
YMN [Gubser, Klebanov, and Polyakov, hep-th/9802109; Witten, hep-th/9802150]:

extremum e−ISUGRA[φ] =
〈
e
∫
d4xφ0O

〉
. (14)

Another standard observable is the potential between a static, infinitely heavy quark
and anti-quark [Rey and Yi, hep-th/9803001; Maldacena, hep-th/9803002]:

Vqq̄(r) =
4π2

Γ(1/4)4

√
g2

YMN

r
at T = 0 from hanging string . (15)

fundamental

R

AdS
5

string

3,1

horizon

z

t,x
qq
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1.3. Relation to the QGP

Because S ∝ N 2 and Vqq̄ ∝ 1/r, AdS5-Schwarzschild describes a deconfined but
strongly coupled gauge theory, like QCD somewhat above Tc ≈ 170 MeV.

RHIC, and now LHC, creates such a medium in heavy-ion collisions.
Focus on RHIC here.

BEFORE collision AFTER collision (UrQMD)

• 7500 particles come out, and data supports fleeting existence of a thermal medium.

• Peak temperature is believed to be 3 or 4 trillion degrees.
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FIG. 8: (Color online) Comparison of hydrodynamic models to experimental data on charged
hadron integrated (left) and minimum bias (right) elliptic flow by PHOBOS [85] and STAR [87],
respectively. STAR event plane data has been reduced by 20 percent to estimate the removal

of non-flow contributions [87, 88]. The line thickness for the hydrodynamic model curves is an
estimate of the accumulated numerical error (due to e.g. finite grid spacing). The integrated v2

coefficient from the hydrodynamic models (full lines) is well reproduced by 1
2ep (dots); indeed, the

difference between the full lines and dots gives an estimate of the systematic uncertainty of the
freeze-out prescription.

experimental data from STAR with the hydrodynamic model is shown in Fig. 8.
For Glauber-type initial conditions, the data on minimum-bias v2 for charged hadrons

is consistent with the hydrodynamic model for viscosities in the range η/s ∈ [0, 0.1], while
for the CGC case the respective range is η/s ∈ [0.08, 0.2]. It is interesting to note that
for Glauber-type initial conditions, experimental data for both the integrated as well as the
minimum-bias elliptic flow coefficient (corrected for non-flow effects) seem to be reproduced
best7 by a hydrodynamic model with η/s = 0.08 " 1

4π . This number has first appeared in the

7 In Ref. [22] a lower value of η/s for the Glauber model was reported. The results for viscous hydrodynamics

pQCD is useful but
can’t address all
interesting questions.

New strong coupling
methods are needed to
describe transition
fluid QGP medium.

Perturbations of black
three-branes lead to a result on
shear viscosity [Policastro, Son, and
Starinets, hep-th/0104066; Kovtun, Son,
and Starinets, hep-th/0405231]

η

s
=

1

4π
(16)

which is in the correct ballpark to
agree with data [Luzum and
Romatschke, 0804.4015].
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Heavy quarks are described by a string rising up to the boundary, and if such a string
moves it experiences a drag force [Herzog et al, hep-th/0605158; Teaney and Casalderrey-

Solana, hep-ph/0605199; Gubser, hep-th/0605182]:

Fdrag =
π
√
g2

YMN

2
T 2 v√

1− v2
. (17)

This drag force is also in the right ballpark relative to RHIC data [Akamatsu, Hatsuda,

and Hirano, 0809.1499].
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FIG. 9: (Color online) Comparison of RAA in our hydro + heavy-
quark model with the experimental data [4, 5]. The Au+Au col-
lision with the impact parameter (a) 3.1 fm and (b) 5.5 fm, both
in mid-rapidity, |yp| ≤ 0.35. The drag coefficient is chosen to be
γ = 0.3, 1.0, and 3.0 indicated by different colors. The freezeout
condition is taken to be f0 = 1.0, 0.5, and 0.0 which correspond
to upper, middle, and lower points, respectively, within the same
color. As for error bars in experimental data, we only plot the
statistical errors [4, 5].

mentum electrons are not sensitive to the modification of
the heavy quark spectrum due to diffusion. On the other
hand, the electrons with high pT originate mainly from
high pT heavy quarks and thus they are sensitive to the
spectral change of heavy quarks.

In Fig. 8(d), the number of electrons from bottom di-
vided by that from charm+bottom for Au+Au collision
is shown as a function of electron’s pT together with that
for p+p collision. In both p+p and A+A, more than 50%
of electrons come from the bottom for pT > 3 GeV. Fur-
thermore, the ratio increases as the drag force becomes
stronger. The kink structure of RAA at pT ∼ 1 - 2 GeV
in Fig. 8(c) is understood by the fact that the dominant
contribution to the electrons changes rapidly from the
charm to the bottom.

Finally we compare our numerical results with exper-
imental data [4] in Fig. 9. Here we show two cases of
impact parameters 3.1 fm (0-10% centrality) and 5.5 fm
(10-20% centrality) at mid-rapidity. The systematic er-
rors due to the freezeout condition of heavy quark are
represented by the three plots with the same color. Re-
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FIG. 10: (Color online) Comparison of v2 in our hydro + heavy-
quark model with experimental data [4] in mid-rapidity (|yp| ≤
0.35). Experimental data of v2 is obtained in minimum bias anal-
ysis, while our theoretical values of v2 are evaluated at impact pa-
rameter 5.5 fm as a representative. The drag coefficient is chosen
to be γ = 0.3, 1.0, and 3.0 and the freezeout condition is f0 = 0.5.
As for error bars in experimental data, we only plot the statistical
errors [4].

call that the comparison of our results and experimen-
tal data is only reliable for pT > 3 GeV as discussed
in Sec. III B 1 and that bottom quarks are the dominant
source of electrons in this region.

Although definite conclusion cannot be made from the
present comparison, it is likely that the intermediate to
large value of the drag coefficient γ = 1.0 - 3.0 is favored
especially for small impact parameter. This number is
rather close to the value γ = 2.1±0.5 predicted from the
AdS/CFT correspondence (see Eq. (11)). We should re-
mark, however, that the radiative energy loss [7, 18] and
the relativistic diffusion via resonances combined with
quark coalescence [17] would be legitimate alternatives
to describe the data, so that further systematic compar-
ison of the data and theoretical calculations is called for.

2. Elliptic flow v2

We show our theoretical v2 of electrons in Fig. 10 as a
function of pT together with the experimental data [4].
Our v2 does not depend much on the strength of the
drag force for pT > 3 GeV and stays small. Due to the
poor statistic of both our simulation and the experimen-
tal data in the relevant region, it is not clear whether
theory and experiment are consistent with each other or
not. Although it is still preliminary, recent PHENIX data
show large v2 = 0.05 - 0.1 with small errors for 3 < pT < 5
GeV at collisions with corresponding centrality [26].

V. SUMMARY AND CONCLUDING REMARKS

In this paper, we have examined the diffusion of
heavy quarks in the dynamical QGP fluid on the ba-
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AdS-black hole calculations also seem to indicate that thermalization time is short
[Kovtun and Starinets, hep-th/0506184; Friess et al, hep-th/0611005; Chesler and Yaffe, 1011.3562;

many others], on the order

ttherm ≈
2

πTpeak

≈ 0.3 fm/c if Tpeak ≈ 400 MeV . (18)

graviton

5
− Schwarzschild

∆

AdS

horizon

t = 2 /   Tπ

z = 1 /   Tπ∆
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2. Finite endpoint momentum
2.1. Why do we need it?

A highly successful phenomenological account of fragmentation (Lund model) starts
with energetic quarks moving apart while linked by a string: the “yo-yo” [Andersson

et al, 1983; Artru, 1983]. Earlier work goes back to [Bardeen et al, 1976].

t

q qqq

x

meson
meson
fragmentation

• When gstr = 0, all that can happen is that the massless quark and anti-quark
oscillate in a linear potential. gstr 6= 0 allows for fragmentation events.

• Initial energy is entirely in q and q̄. Sometime later, it’s entirely in the string.
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To account for the medium in a heavy ion collision, a related strategy was pursued
in AdS5-Schwarzschild: [Chesler et al, 0804.3110], similar to [Gubser et al, 0803.1470].

6

FIG. 4: A typical falling string studied in this paper, plotted in blue at four different instants in time. The string is created
at a point and, as time passes, evolves into an increasingly extended object. Well after the creation event, but long before the
plunge into the horizon, the string profile approaches a universal null string configuration which is largely insensitive to the
initial conditions. Consequently, the string endpoint trajectories, shown in green and yellow, approach null geodesics.

the black hole. Our strategy in this subsection is to con-
struct an approximate solution to the string equations of
motion which will provide a good description for times
sufficiently long after the initial creation event but well
before the string endpoints reach the horizon. This will
be possible because, as we will discuss, at times well after
the creation event but long before the final “plunge”, typ-
ical string configurations approach near-universal forms
which are characterized by only a few parameters. This
observation will allow us to prepare states illustrating
universal features and understand the resulting physics
of quark energy loss, without requiring a detailed de-
scription of the early-time dynamics responsible for the
production of the quark-antiquark pair.

For reasonable falling string solutions, we will see that
the endpoint motion is well-approximated by the trajec-
tory of a light-like geodesic. Equations for null geodesics
in the AdS-BH geometry are easy work out. For motion
in the x-u plane, one finds

�
dxgeo

dt

�2

=
f2

ξ2
, (4.5a)

�
dugeo

dt

�2

=
f2

�
ξ2 − f

�

ξ2
, (4.5b)

where ξ is a constant which determines the initial incli-
nation of the geodesic in the x-u plane and, more funda-
mentally, specifies the conserved spatial momentum asso-
ciated with the geodesic, f(u)−1dxgeo/dt = ξ−1. More-
over, we have

�
dxgeo

du

�2

=
1

ξ2 − f
. (4.6)

From this equation, one sees that geodesics which start
close to the boundary, at u = u∗ → 0, can travel very far
in the x̂ direction provided ξ2 ≈ f(u∗) → 1. In particu-
lar, the total spatial distance such geodesics travel before
falling into the horizon scales like u2

h/u∗.

We will be interested in string configurations where the
spatial velocity of the string endpoint is close to the local
speed of light for an arbitrarily long period of time (since
this will maximize the penetration distance). Because
open string endpoints must always travel at the speed of
light, the velocity in the radial direction must be small
and correspondingly, the radial coordinate of the string
endpoints will be approximately constant for an arbitrar-
ily long period of time. As the string endpoints become
more and more widely separated, the string must stretch
and expand. For reasonable string profiles, this implies
that short wavelength perturbations in the initial struc-
ture of the string will stretched to progressively longer
wavelengths, resulting in a smooth string profile at late
times.4 Moreover, as the string endpoints separate, the
middle of the string must fall toward the event horizon.
This occurs on a time scale ∆t of order uh. (This scale
sets the infall time of a particle released at rest at the
boundary, or of a null geodesic with ξ > 1.)

The origin of this behavior can also be understood as
follows. Consider the string at some time t shortly after
the creation event. It will have expanded to a size ∼ t.
By construction, one half of the string will have a posi-
tive large momentum in the spatial x̂ direction, while the
other half has negative x̂ momentum. The spatial mo-
mentum density must be highly inhomogeneous so that
the two endpoints move off in opposite directions. As
time progresses, the parts of the string with the highest
momentum density will remain close to a string endpoint.
Portions of the string with low spatial momentum den-

4 “Unreasonable” string profiles can have structure on arbitrarily
short wavelengths. While the initial structure will be inflated
as time progresses, because the string endpoints can only travel
a distance of order u2

h/uc before reaching the horizon, one can
always cook up initial conditions such that fluctuations in the
string profile never become small during this time interval. We
will avoid such unreasonable initial conditions in this paper.

Standard boundary conditions were applied: ∂σXµ = 0.

Initial state is a short string intended to reflect state of a quark-anti-quark pair pro-
duced in an energetic scattering event.

It would be more faithful to the Lund model to have finite momentum at the string
endpoints.
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To see why finite endpoint momentum makes sense for classical strings, consider an
interpolation between Regge and the yo-yo:

Xµ(τ, σ) =
1

2
Y µ(τ − σ) +

1

2
Y µ(τ + σ) . (19)

where

dY µ

dξ
=




√
`2

1 sin2 ξ + `2
2 cos2 ξ

`1 sin ξ
`2 cos ξ


 Y µ(0) =




0
−`1

0


 . (20)

Snapshots at constant τ ,
with `2 = `1/10

Regge case is `1 = `2, and then X0 = τ .

Yo-yo is `2 = 0, but now X0(τ, σ) is complicated because Ẏ 0 = `1| sin ξ|.
Observe Xµ(τ, 0) = Y µ(τ ): endpoint prescribes entire motion of string.
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The mapping (τ, σ) → (X0, X1) is partially degenerate when `2 = 0: a finite re-
gion maps to the edge of the string.

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0

0.5

1.0

1.5

2.0

2.5

3.0

Σ

Τ

-1.0 -0.5 0.0 0.5 1.0
0.0

0.5

1.0

1.5

2.0

X1

X
0

More transparent would be to use a static gauge, X0 = t and X1 = x, and allow
each endpoint to carry Eendpoint = t/(2πα′), so that

Etotal =
2`1 − 2t

2πα′
+ 2× t

2πα′
=

2`1

2πα′
. (21)
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2.2. Endpoints follow geodesics

Now I want to argue that endpoint trajectories naturally follow spacetime geodesics
when the endpoint momentum is non-vanishing. Argument proceeds in three steps:

Step 1: Formulate an action that includes finite endpoint momentum.

S = − 1

4πα′

∫

M

dτdσ
√
−hhab∂aXµ∂bX

νGµν +

∫

∂M

dξ
1

2η
ẊµẊνGµν , (22)

where η is the einbein on the edge of the worldsheet.

Step 2: Formulate eom’s in terms of endpoint momenta and bulk momentum density.

P a
µ = − 1

2πα′

√
−hhabGµν∂bX

ν bulk momentum density

pµ =
1

η
GµνẊ

ν endpoint momentum
(23)

∂aP
a
µ − Γκµλ∂aX

λP a
κ = 0 bulk conservation of momentum

ṗµ − ΓκµλẊ
λpκ = σ̇aεabP

b
µ boundary loses/gains energy from bulk

(24)
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Step 3: Manipulate endpoint equations in a conformal gauge.

Use a metric where
√
−hhab = diag{−1, 1}. Then I claim

σ̇aεabP
b
µ ±

η

2πα′
pµ = 0 . (25)

or, equivalently,
(εab
√
−hhbc ∓ δca)σ̇a∂cXν = 0 . (26)

This is because Ma
c ≡ εab

√
−hhbc has eigenvectors (1,±1); and along the world-

sheet boundary, we have σ̇a ∝ (1,±1).

So
ṗµ − ΓκµλẊ

λpκ = ∓ η

2πα′
pµ , (27)

where we take− when the string endpoint is “unrolling.”

We can now see that endpoint moves along a geodesic:

˙̃pµ − ΓκµλẊ
λp̃κ = 0 where p̃µ =

1

η̃
GµνẊ

ν . (28)
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2.3. Doubled strings in AdS5

Yo-yo generalizes easily to global AdS5, most simply as a doubled string.

ds2
5 = L2

(− cosh2 ρ dτ 2 + dρ2 + sinh2 ρ dΩ2
3

)
, (29)

and we embed string into an AdS2 submanifold:

ds2
2 = L2

(− cosh2 ρ dτ 2 + dρ2
)

(30)

with endpoint trajectory determined by

tan
τ

2
= tanh

ρ

2
. (31)

The endpoint energy is

pτ = −EL
2

+
L2

πα′
sinh ρ . (32)

so snapback occurs at ρ∗ = sinh−1
(
πα′

2L
E
)

.

What is dual operator? Propose

O = trXI(∇1)
SXI , (33)

in same multiplet as the operators trXI(∇2 + i∇3)
SXI dual to Regge strings.
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3. Application to light quark energy loss
Single quark setup: [Gubser et al, 0803.1470]

3,1

t=0

t=1

v(z)

AdS−Schwarzschild

horizon

x

z

1

z=z

z=0

5

x∆

z=zUV

R

H

If a string starts at t = 0 with one end through the horizon and the other on a flavor
brane, how far can it get before it falls through the horizon?

There’s a big range of choice of initial conditions.

∆xstop <∼ κ
E1/3

λ1/6T 4/3
with an estimate κ ∈ (0.35, 0.41).
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Dissociating meson setup: [Chesler et al, 0804.3110] 6

FIG. 4: A typical falling string studied in this paper, plotted in blue at four different instants in time. The string is created
at a point and, as time passes, evolves into an increasingly extended object. Well after the creation event, but long before the
plunge into the horizon, the string profile approaches a universal null string configuration which is largely insensitive to the
initial conditions. Consequently, the string endpoint trajectories, shown in green and yellow, approach null geodesics.

the black hole. Our strategy in this subsection is to con-
struct an approximate solution to the string equations of
motion which will provide a good description for times
sufficiently long after the initial creation event but well
before the string endpoints reach the horizon. This will
be possible because, as we will discuss, at times well after
the creation event but long before the final “plunge”, typ-
ical string configurations approach near-universal forms
which are characterized by only a few parameters. This
observation will allow us to prepare states illustrating
universal features and understand the resulting physics
of quark energy loss, without requiring a detailed de-
scription of the early-time dynamics responsible for the
production of the quark-antiquark pair.

For reasonable falling string solutions, we will see that
the endpoint motion is well-approximated by the trajec-
tory of a light-like geodesic. Equations for null geodesics
in the AdS-BH geometry are easy work out. For motion
in the x-u plane, one finds

�
dxgeo

dt

�2

=
f2

ξ2
, (4.5a)

�
dugeo

dt

�2

=
f2

�
ξ2 − f

�

ξ2
, (4.5b)

where ξ is a constant which determines the initial incli-
nation of the geodesic in the x-u plane and, more funda-
mentally, specifies the conserved spatial momentum asso-
ciated with the geodesic, f(u)−1dxgeo/dt = ξ−1. More-
over, we have

�
dxgeo

du

�2

=
1

ξ2 − f
. (4.6)

From this equation, one sees that geodesics which start
close to the boundary, at u = u∗ → 0, can travel very far
in the x̂ direction provided ξ2 ≈ f(u∗) → 1. In particu-
lar, the total spatial distance such geodesics travel before
falling into the horizon scales like u2

h/u∗.

We will be interested in string configurations where the
spatial velocity of the string endpoint is close to the local
speed of light for an arbitrarily long period of time (since
this will maximize the penetration distance). Because
open string endpoints must always travel at the speed of
light, the velocity in the radial direction must be small
and correspondingly, the radial coordinate of the string
endpoints will be approximately constant for an arbitrar-
ily long period of time. As the string endpoints become
more and more widely separated, the string must stretch
and expand. For reasonable string profiles, this implies
that short wavelength perturbations in the initial struc-
ture of the string will stretched to progressively longer
wavelengths, resulting in a smooth string profile at late
times.4 Moreover, as the string endpoints separate, the
middle of the string must fall toward the event horizon.
This occurs on a time scale ∆t of order uh. (This scale
sets the infall time of a particle released at rest at the
boundary, or of a null geodesic with ξ > 1.)

The origin of this behavior can also be understood as
follows. Consider the string at some time t shortly after
the creation event. It will have expanded to a size ∼ t.
By construction, one half of the string will have a posi-
tive large momentum in the spatial x̂ direction, while the
other half has negative x̂ momentum. The spatial mo-
mentum density must be highly inhomogeneous so that
the two endpoints move off in opposite directions. As
time progresses, the parts of the string with the highest
momentum density will remain close to a string endpoint.
Portions of the string with low spatial momentum den-

4 “Unreasonable” string profiles can have structure on arbitrarily
short wavelengths. While the initial structure will be inflated
as time progresses, because the string endpoints can only travel
a distance of order u2

h/uc before reaching the horizon, one can
always cook up initial conditions such that fluctuations in the
string profile never become small during this time interval. We
will avoid such unreasonable initial conditions in this paper.

2

studying the propagation through the plasma of ener-
getic excitations which resemble well-collimated quark
jets. The open string configurations we consider may
be regarded as providing a dual description of dressed
quarks, with high energy, moving through a non-Abelian
plasma. We are not studying the result of a local current
operator acting directly on the strongly coupled N = 4
SYM plasma. (See, however, Ref. [37].) Our motiva-
tion is similar to that of Ref. [17], in which weak cou-
pling physics in asymptotically free QCD is envisioned
as producing a high energy excitation, whose propaga-
tion through the plasma is then modeled by studying
the behavior of the same type of excitation in a strongly
coupled N = 4 SYM plasma.

The energy loss rate for a heavy quark depends only
on the quark’s velocity, the value of the ’t Hooft coupling
λ, and the temperature of the plasma through which the
quark is moving [13]. In other words, for very heavy
quarks which slowly decelerate, the velocity is the only
aspect of their initial conditions which influences the en-
ergy loss rate. This turns out not to be the case for
light quarks. Initial conditions for a classical string in-
volve two free functions: the initial string profile and
its time derivative. As we discuss in detail below, the
instantaneous energy loss rate of a light quark depends
strongly, in general, on the precise choice of these ini-
tial functions. In the dual field theory, this reflects the
fact that any complete specification of an initial state
containing an energetic quark must also involve a char-
acterization of the gauge field configuration. In the per-
turbative regime, one can easily see that the interactions
of heavy particles with a gauge field are spin-independent
(up to 1/M corrections), but interactions of relativistic
particles are spin-dependent even at leading order. So
it is perhaps unsurprising that the energy loss of a light
projectile also depends on the configuration of the glu-
onic cloud surrounding the projectile in a non-universal
fashion.

One quantity which is rather insensitive to the pre-
cise initial conditions of the string is the maximum dis-
tance ∆xmax(E) which a quark with initial energy E can
travel. It should be emphasized that we are consider-
ing effectively on-shell quarks which can travel a large
distance ∆x before thermalizing. The maximum pene-
tration depth ∆xmax grows without bound as the energy
E increases.

We numerically compute the penetration depth ∆x for
many different sets of string initial conditions, and find
that the maximum penetration depth does indeed scale
like E1/3. Our results are illustrated in Fig. 1 , where
the logarithm of the penetration depth is plotted as a
function of the logarithm of the initial quark energy for
many different sets of initial conditions. As is evident
from the figure, the penetration depth of a light quark is
bounded by a curve ∆xmax = const. × E1/3.

We also demonstrate the scaling relation ∆xmax ∼
E1/3 analytically. As discussed in Ref. [34], strings which
correspond to long-lived massless quarks are approxi-

FIG. 1: A log-log plot of the quark stopping distance
∆x as a function of total quark energy E for many falling
strings with initial conditions of the form shown in Eq. (4.53).
All data points fall below the red line given by ∆x =

(0.526/T )
`
E/T

√
λ

´1/3
.

mately null strings. A strictly null string is one whose
worldsheet metric is everywhere degenerate. The qual-
itative origin of this connection is easy to understand.
Strings which correspond to light quarks fall into the
event horizon. As they fall they become more and more
light-like and hence closer and closer to a null configura-
tion as time progresses. The profile of the null string is
almost independent of the initial conditions used to cre-
ate the string — for the quasiparticle excitations studied
in this paper, the corresponding null strings are speci-
fied by two numbers only, an initial inclination and ra-
dial depth. By analyzing strings corresponding to light
quarks as small perturbations away from null string con-
figurations, we show that the total distance a quark
can travel must be bounded by a maximum distance
∆xmax = (C/T )(E/T

√
λ)1/3 for some O(1) constant C.

We numerically confirm that strings corresponding to
long-lived light quarks are, in fact, close to being null,
and obtain an estimate of the constant C.

Although the endpoint motion of our string solutions
is well approximated by appropriate light-like geodesics,
consistent with the discussion of Ref. [34], we find that
the relationship between the parameters of the geodesic
and the string profile and energy is more complicated
(and rather different) than the surmises presented in
Ref. [35]. This will be discussed further in Section V .

In addition to studying the penetration depth, we also
examine the instantaneous rate of energy loss, dE/dt.
For light quarks the energy loss rate shows non-universal
features and is sensitive to initial conditions. For the
states we study, we find that it typically increases with
time during the period when the dressed quark is a well-
defined quasiparticle and sharply peaks during the final

• ∆xstop ≤ κ
E1/3

λ1/6T 4/3
with

κ = 0.526 from extensive
numerical study.

• Reminiscent of perturbative
BDMPS result (e.g. [Baier et al,
hep-ph/9608322])

∆EBDMPS =
1

4
αsCRq̂(∆x)2.

• Recent PHENIX study [Adare
et al, 1208.2254] actually favors
∆E ∝ `3 over `2.
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Our plan:

• Show how κ = 0.526 = 21/3√
π

Γ(5
4)

Γ(3
4)

comes out of spacetime geodesics plus a

slightly tricky accounting of initial energy.

• Show how finite endpoint momentum gives κ = 0.624.

• Show how single quark can approach κ = 0.990.

• Propose a new account of instantaneous energy loss based on endpoint ṗµ.

3.1. No endpoint momentum

When a string has a lot of momentum in x1 direction, it quickly settles into a segment
of trailing string with velocity v =

√
f (z∗), where AdS5-Schwarzschild metric is

ds2 =
L2

z2

(
−f (z)dt2 + d~x2 +

dz2

f (z)

)
with f (z) = 1− z4

z4
H

. (34)

So we evaluate energy (half the total energy of the meson) as

E∗ =
L2

2πα′
1√

1− v2

[
1

z∗
− 1

zH

]
+

1

v

dE

dt
∆x(z∗, zH) ≈ L2

2πα′
1√

1− v2

1

z∗
. (35)
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The endpoint subsequently stays close to a null geodesic, which is a solution to

dxgeo

dz
=

1√
f (z∗)− f (z)

=
z2
H√

z4 − z4
∗
. (36)

So we find ∆xstop by intersecting geodesic with horizon:

∆xstop =
z2
H

z∗

√
πΓ(5

4
)

Γ(3
4
)
− 2F1

(
1

4
,

1

2
,

5

4
,
z4
∗
z4
H

)
zH , (37)

and in the high-energy limit where z∗ � zH

∆xstop =
21/3

√
π

Γ
(

5
4

)

Γ
(

3
4

) 1

T

(
E∗√
λT

)1/3

, (38)
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3.2. Including endpoint momentum

Following spirit of Lund, assign all energy to the endpoints initially. Also require
Eendpoint → 0 just as string crosses horizon.

Calculate evolution of Eendpoint = −pt using

ṗt = − η

2πα′
pt =

√
λ

2π

f

z2

dt

dz
. (39)

Arrive at

E∗ ≈
√
λ

2
√
π

√
πΓ
(

3
4

)

Γ
(

1
4

) z2
H

z3
∗

√
f (z∗) . (40)

The same spacetime geodesic calculation as before now leads to

∆xstop =
21/3

π2/3

Γ
(

5
4

)
Γ
(

1
4

)1/3

Γ
(

3
4

)4/3

1

T

(
E∗√
λT

)1/3

=
0.624

T

(
E∗√
λT

)1/3

, (41)

as before with z∗ � zH .

Only the energy calculation changed.
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One can numerically determine the shape of the bulk of the string:

-6 -4 -2 0 2 4 6
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T
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String goes further because we budgeted initial energy differently: no initial down-
ward motion, only longitudinally outward.
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3.3. Single quarks and instantaneous energy loss

How far a string can go if one end passes through the horizon and total energy E
outside horizon is fixed?

Argument from spacetime geodesics is now familiar: start near the horizon moving
upward; require Eendpoint → 0 only when we fall completely into the horizon; and
use ṗµ equation to evolve Eendpoint along endpoint geodesic. Answer:

∆xstop =
2

π2/3

Γ
(

5
4

)
Γ
(

1
4

)1/3

Γ
(

3
4

)4/3

1

T

(
E√
λT

)1/3

=
0.990

T

(
E√
λT

)1/3

(42)

To find motion of the bulk of the string, it helps a lot to use Eddington-Finkelstein
coordinates:

ds2 = − r
2

L2

(
1− r4

H

r4

)
dv2 + 2dvdr +

r2

L2
d~x2 . (43)

Initializing with a segment of the trailing string,

xtrailing = β

(
v − L2

rH
tan−1 r

rH

)
, (44)

one finds—qualitatively—a trailing string truncated by the null geodesic.
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Amusing feature: at fixed E-F time, “trailing” string leads the endpoint (known to
[Casalderrey-Solana and Teaney, hep-th/0701123]).
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Starting from ṗµ for the endpoint, can derive

dE

dx
= −
√
λ

2π

√
f (z∗)

z2
, (45)

where z is determined as the height of the endpoint geodesic at position x.
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The result is a
bell-shaped dE/dx,
different from usual
ansatz
dE/dx ∼ EαxβT γ.
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• Preliminary results (red) suggest
that RAA at LHC is underpredicted
by this model: λ = 1 here!linear blast wave

non-linear blast wave

• RAA is number of high-energy
particles observed divided by
expectations from pp.

• Probably need to go beyond
conformal models—running
coupling is important.
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4. Summary
• AdS/CFT develops naturally out of consideration of black three-branes and re-

lated objects in 10-dimensional string theory.

• The strongly coupled, deconfined gauge theory described by a black three-brane
has some useful similarities to the QGP.

• Finite endpoint momentum is part of classical string theory.

• Endpoints with finite momentum follow spacetime geodesics except for abrupt
changes in direction.

• Finite endpoint momentum helps identify trajectories that maximize transverse
distance traveled in AdS5-Schwarzschild with fixed energy.

• Heavy-ion applications of ∆xstop ∝ E1/3 and bell-shaped dE/dx are under
consideration.
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